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Abstract. The purpose of this paper is of several folds 1. Review the recent development of 
Kahler-Einstein metric with cone singularities along a divisor. 2. Construct Kahler-Einstein 
metrics using branch covers. 3. Further extend some standard (both analytic and algebraic 
sides of) theory in the smooth Kahler-Einstein case to the conical setting. In particular, we 
use Berndtsson's convexity result to reprove Chen's theorem on the lower boundedness of 
K-energy in the Kahler-Einstein case and generalize it to the singular and conical setting. 4. 
Propose a degeneration-interpolation method to construct conical Kahler-Einstein metrics. 
5. As a motivational example, we prove that there exists a Kahler-Einstein metric on with 
cone singularity along a smooth conic (degree 2) curve if and only if the angle is between 7r/2 
and 27r. When the angle is 27r/3 this provides a Sasaki-Einstein metric on the link of a three 
dimensional A2 singularity. 6. Prove a version of Donaldson's conjecture in the toric case 
using Song- Wang's recent existence result of toric invariant conical Kahler-Einstein metrics. 
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1. Introduction 

The existence of smooth Kahler- Einstein metrics on a Kahler manifold X is a main problem 
in Kahler geometry. The problem is of trichotomic nature. The case when the first Chern class 
of X is negative was solved by Aubin [2] and Yau [65] . The case when the first Chern class is 
zero follows from Yau's celebrated solution of Calabi conjecture in [65]. However, when the first 
Chern class is positive, in other words, when the manifold is Fano, there are obstructions for 
the existence. The study of such obstructions is the main goal of Yau-Tian-Donaldson program. 

There are variations or generalizations of problem of smooth Kahler-Einstein metrics. One 
variation is to consider Kahler-Einstein metrics with cone singularities. This problem was 
classically studied on the Riemann surfaces ([40, 63, 38]) and was first considered in higher 
dimension by Tian in [57]. Recently, there are reviving works on the Kahler-Einstein metrics 
with cone singularities. ([20, 6, 31, 35]) These are partly motivated by Donaldson's project (see 
[20]) of using conical Kahler-Einstein metric as a continuity method to attack the existence 
problem of smooth Kahler-Einstein metric on Fano manifolds. 

From now on in this paper, we assume X is a smooth Fano manifold. Assume Z) is a smooth 
divisor such that D ~q —XKx for some A > G Q. Notice that Kx + D ~q (1 — X)Kx- So 
{X, D) is log canonical-polarized (resp. log Calabi- Yau, resp. log Q-Fano) when A > 1 (resp. 
A = 1, resp. A < 1). We will consider the existence problem of singular Kahler-Einstein metric 
in the class ci{X) > with cone singularity along D. In other words, if the cone angle is 2tt(3, 
we will be interested in solving the following equation: 

(*) Ric{uj) = r{f3)w + (1 - /3){D}. 

By taking cohomological class on both sides, we get the formula 

(1) r(/3) = 1 - (1 - /3)A. 

We will use this notation throughout the paper. 

One of our motivation for this paper is to construct smooth Kahler-Einstein metrics using 
branch covers(see [1], [25] for such kind of constructions). If D ^ mDi with Di being an 
integral divisor, we can construct branch cover of X with branch locus D. 

B C Y 
D d X 

Assume we have already constructed an orbifold Kahler-Einstein metric Qke on {X, (1 — l/m)_D. 
Then tt*u}ke is a smooth Kahler-Einstein metric on Y. Note that orbifold Kahler metric can 
be seen as a special case of conical Kahler metric, i.e. when the cone angle is equal to 27r/m 
for some m G Z. So existence of conical Kahler-Einstein metrics with angle 27r/m will give rise 
to smooth Kahler-Einstein metrics. 

By the work of [31] and [6], we already have the following existence result. See section 4.2 
for discussions of these results. 

Theorem 1.1. ([31], [6]^ 

(1) (log canonical-polarized) If X > 1, then there exists a conical Kahler-Einstein metric up 
on [X, (1 - P)D) when < ^ < 1 - A"! e /or < e < 1. 

(2) (log Calabi-Yau) If X — 1, then there exists a conical Kahler-Einstein metric LOp on 
((X, (1 — l3)D)^ci{X)) when < l3 < e. Such Kahler-Einstein metric LUp has Ricci 
curvature /? > 0. 

Remark 1.1. In case (1), the Ricci curvature of ujp, which is r(j3) = 1 — A(l — (3) by (1), 
varies from r(0) = 1 — A < r(l — A^^ + e) = Ae > 0. In particular, there is a Ricci fiat 
conical metric when j3 = 1 — A^^, which was also proved by Simon Brendle in [13]. 

Our first theorem is 
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Theorem 1.2. Assume A > 1. If we already know X has a Kdhler- Einstein metric, then there 
exists a conical Kdhler- Einstein metric ujp for any (3 G (0,1]. Moreover, ujp converges to a 
unique Kdhler- Einstein metric ujj^^ as /S 1 in a weak sense. 

Remark 1.2. When Aut{X) is discrete, we prove more precise result in Theorem 7.1 showing 
the potential of ijjp converge to the potential of ujke in C^-norm. When Aut{X) is continuous, 
the convergence in the last statement is proved modulo one technical point. The point is that, 
since we need to work in different function space corresponding to different cone angles, the 
application of implicit function theorem is more delicate as shown by Donaldson in [20] . How- 
ever, in this case, we think the interest of this convergence result is to identify the correct limit 
Kdhler- Einstein metric in the moduli space. For more details, see the discussion in section 7. 
An algebro- geometric counterpart of this theorem was discussed in [52], [41]. 

Using the existence part of above theorem, we can construct a lot of smooth Kahler-Einstein 
metrics on Fano manifolds using branch covers. More precisely, using the notation of branch- 
covering before 

Theorem 1.3. If there is conical Kdhler- Einstein metric on {X, (1 — l/m)D), then there is a 
smooth Kdhler- Einstein metric onY . In particular, if X admits a Kahler-Einstein metric and 
A > 1, then there exists smooth Kdhler- Einstein metric on Y . 

For examples of this construction, see section 4.4. 

The proof of existence statement in Theorem 1.2 follows from the following observation. 
One point is that the log-Mabuchi-energy is well defined on the space of admissible functions 
denoted by which includes all the Kahler potentials of conical Kiihler metrics. 

Proposition 1.1. As functionals on 'H{uj), the log-Mabuchi-energy Mui,{i-i3)D is linear in jS. 
The log- Ding- energy concave in (3 up to a bounded constant. As a consequence, 

consider the interval [Pi,f32\ C (0,1]. Let i € {1,2}, i'^ = {l,2}\{j}. If the log-Mabuchi-energy 
(resp. log- Ding- energy) is proper for (3 — Pi and bounded from below for j3 — /3jc, then for any 
/?! < f5 < (32, the log-Mabuchi-energy (resp. log- Ding- energy) is proper, so there exists a conical 
Kdhler- Einstein metric on {X, (1 — P)D). 

By combining Proposition 1.1 with the openness result of Donaldson [20], and the result of 
Berman [6] (see section 4.3) we easily see that 

Corollary 1.1. //A > 1 and there is a conical Kdhler- Einstein metric on {{X, {1 — j3)D),ci{X)) 
for < /3 < 1, then the log-Mabuchi energy Muj,{i-I3}D i^ proper. 

In order to apply this method, we often need to get the lower bound for log-Mabuchi-energy. 
The following Theorem is very useful. 

Theorem 1.4. If there exists a special degeneration {X, (1-/3)1?, C) of {X, (1-/3)1?) to a conical 
Kahler-Einstein metric on (Aq, (1 — /3)2?o)- Assume Xq has isolated Q-Gorenstein singularities. 
Then the log-Ding-functional and log-Mabuchi-energy of (X, (1 — /3)_D) is bounded from below. 

Here the assumption that Xq has isolated singularities is purely technical, but it is satisfied for 
our main application hcrc(c.f. Theorem 1.7). One would certainly expect a general statement 
to be true(see Conjecture 5.1 in Section 5). 

Corollary 1.2 (Chen's theorem in the Kahler-Einstein case). If there exists a special degener- 
ation of Fano manifold {X, J) to a Kdhler- Einstein manifold {Xq, Jq), then the Mabuchi energy 
on X in the class ci(X) is bounded from below. 

The above results deal with existence question, one may ask for the obstruction of conical 
Kahler-Einstein metrics. In this direction, we have the following 

Theorem 1.5. If the log-Ding-functional or the log-Mabuchi-energy Muj,(i-i3)d for 

the pair is bounded from belowfresp. proper), then the polarized pair {{X, (1 — j3)D), —Kx) is 
log-K-semistable(resp. log-K-stable). 
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Corollary 1.3. (1) If there exists a conical Kdhler- Einstein metric on {{X, (1— /?)£)), ci{X)), 
then {{X, (l — j3)D), —Kx) is log-K-semistable. As a consequence, if X > I, then 
{{X, (1 - I3)D),-Kx) is log-K-semistable /or < /3 < 1 - A^^ + e /or < e < 1. // 
A = 1, then {X, (1 — (3)D) is log-K-semistable for < (3 < e. 
(2) Assume A > 1 and < /3 < I. If there exists a conical Kdhler- Einstein metric on 
{{X,{1~ l3)D),ci{X)), then {{X, {1 ~ l3)D), -Kx) is log-K-stable. 

However, on log-Fano manifold, the cone angle can't be very small. We have 

Theorem 1.6. If \<l, then {X, (1 - I3)D) is not log-K-stable if P < (A^^ - l)/n. 

As an illustration of the combination of our methods, we prove 

Theorem 1.7. If D is a smooth conic on the projective plane. Then there exists a conical 
Kdhler- Einstein metric on (P^, (1 — f3)D) if and only if j < (3 < 1. 

The proof is by constructing a special degeneration to the conic Kahler-Einstein pair. Then 
we apply Theorem 1.4 and the interpolation property to finish the proof. From the proof we 
may also speculate the limit of the family of conical Kahler-Einstein metrics when (] tends to 
1/4, see conjecture 3 in section 6. 

As an application. Theorem 1.7 implies 

Corollary 1.4. A three dimensional A2 singularity + + a;| + x| =0 admits a Calabi-Yau 
cone metric with the natural Reeb vector field. 

This settles a question in [24]. Note that however, this contradicts the result by Conti in 
[17]. We will leave this incompatibility for the study in future. 

The organization of the paper is as follows. In section 2, we review some preliminary mate- 
rials, including Donaldson's Schauder estimate for conical Kahler metrics, various functionals 
appearing in the theory of Kahler-Einstein metric problem and some existence results for ge- 
odesic equation in the space of Kahler metrics. In Section 3, we explain the obstructions to 
the existence of conical Kahler-Einstein metrics. In particular, we prove Theorem 1.5 and its 
corollary 1.3. As a particular case, we prove Theorem 1.6. In Section 4, we first review the 
recent existence result of conical Kahler-Einstein metrics based on the work of Donaldson [20] , 
JefFres-Mazzeo- Rubinstein-Li [31] and Berman [6]. Then we show our main observation Propo- 
sition 1.1, and then prove Theorem 1.3 and existence part of Theorem 1.2, which allow us to 
construct many smooth Kahler-Einstein metrics using branch covers. In section 5, we prove 
Theorem 1.4. In Section 6, by combining our method, we prove Theorem 1.7 which shows 
that the conical Kahler-Einstein metric on along a smooth conical can only have cone angle 
in the interval {tt/2,2tt]. In section 7, we finish the proof of Theorem 1.2 by showing that 
on a Kahler-Einstein Fano manifold, the conical Kahler-Einstein metrics converge to a unique 
smooth Kahler-Einstein metric. This is done by carrying out bifurcation analysis first used by 
Bando-Mabuchi. 

After finishing the draft of this paper, we received the paper by Jiang Song and Xiaowei Wang 
[51]. In the last section 8, we discuss the relation of their work to our paper. Their results 
have some overlaps with ours. But mostly importantly from our point of view, they proved an 
existence result in the toric case. The conic Kahler-Einstein spaces they obtained can serve as 
the degeneration limits of toric Fano manifolds with some smooth pluri-anticanonical divisors. 
So combining their existence result in the toric case with the strategy in this paper, we show, 
in the toric case, a version of Donaldson's conjecture which relates the maximal cone angle and 
the greatest lower bound of Ricci curvature. To state this result, first define 



(2) 



R{X) = sup{i|3 uj e ci{X) such that Ric{uj) > tui}. 
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Proposition 1.2. For each A sufficiently divisible, there exists a sub-linear system ^\ of 
I — XKx\ such that for any general member D G if D is smooth, then there exists a conical 
Kdhler-Einstein metric on {X, (1 — j)X~^D) if and only if ^ & (0, 

Remark 1.3. The smoothness assumption is easily satisfied when dim(X) < 2. It seems to 
be guaranteed by choosing ^\ more carefully. See the discussion in Remark 8.2. In general, 
if D is not smooth, then there exists a weak solution (i.e. bounded solution) to the conical 
Kdhler-Einstein metric. 

The idea of the proof is similar to the proof of Theorem 1.7. The sublinear system we 
construct has the property that for each general member D in .^x, {X,D) has a degeneration 
to the toric conic Kahler-Einstein pair {X, Dq) constructed by Song- Wang. 

The interpolation properties of energy functionals obtained in this paper seem to be known 
to some other experts in the field too. In particular, we were informed by Professor Arezzo that 
he also observed this. 



Acknowledgement: We are grateful to Professor Jian Song and Xiaowei Wang for sending 
their paper to us. Their existence result in the toric case is a main impetus for us to write the 
last section in this paper. We also thank them for pointing out our incorrect argument showing 
that generic divisor appearing in the proof of Proposition 1.2 is smooth. We are indebted to Dr. 
H-J. Hein for pointing out Corollary 1.4, and related interesting discussions. We thank Professor 
Xiuxiong Chen, Professor S.K. Donaldson, Professor Gang Tian for encouraging discussions. 
Part of this work was done during Chi Li's visit to Imperial College and University of Cambridge 
in UK. He would like to thank Professor S.K.Donaldson and Professor Julius Ross for the 
invitation which made this joint work possible. 

2. PRELIMINARIES 

2.1. Space of admissible potentials for conical Kahler metrics. 

PSH^iu) := {(t> e L°°{Xy,uj + \/^dd(f) > and ^ is u.s.c. }. 

Definition 2.1. (1) A conical Kdhler metric on {{X, {1 — I3)D), ci{X)) is a Kahler current 

oj in the class ci{X) such that 

• locally, we can choose (j) G such that uj = ^—ldd(j> • 

• Lo is smooth on X\D 

• For any point p G D, we choose local coordinate {zi} in a neighborhood of p such 
that D = {zi = 0}. Then oj is quasi-isometric to following model metric: 

dzi A dzi , ,_ 

uj2(i-^) +2^dziAdzi 

Geometrically, to represents a Kdhler metric with cone singularities along D of cone 
angle 2t:/3. In this paper, for simplicity, we will call such metric a conical Kdhler 
metric on {X, (1 — (3)D), i.e. omitting writing the class Ci{X). 
(2) A conical Kdhler-Einstein metric on {{X, (1 — l3)D),ci{X)) is a conical Kdhler metric 
solving the following equation 

(3) Ric{cj) = r{p)uj + (1 - p){D}. 

Here {-D} is the current of integration on D, and r{j3) = 1 — (1 — /3)A. 
Again, we will ommit the class ci{X) in this paper for sim,plicity. 

Example 2.1. IfuJsm € is a smooth Kdhler form. Let [D] be the line bundle induced by 

the divisor D. Choose any Hermitian metric h on [D]. Assume sd € H^{X, [D]) is the defining 
section D, i.e. D = {sd = 0}- We let 
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It's easy to calculate that 

w = (1 - eA|s| P)ujsm + \s\fl^ —r^ 

So if e is sufficiently small, this is a positive definite form. For any point p Cz D, if we choose 
local coordinate chart {zi} and local trivializtion e such that s — zie and |s|^ = ajzip, then 

. ^. ,2«, „T «, .nfJdzi + zia^^da) t\ [dzi + zia^^da) 

In order to carry out analysis for the conical metric , one needs to set up good function space 
such that differential operators behaves well in such space. This is carried out by Donaldson in 
[20]. We first write the metric and differential operator in the conical coordinate. Let zx — re*^ 
be the ordinary complex coordinate. Define p = r^ . The model case tells us the right thing to 
do. 

dzi A dzi sr-^ (dr + irdO) A (dr — irdO) -^-^ 
^ = u i2(i-/j) ^l^dz,Adz, = -^^^ +}_^dz,Adz, 

I II j>i ]>i 

= {dp + if3pdd) A {dp - if3pd6) + ^ dzj A dz^ 

i>i 

Let e = e^^^{dp + ijipdO) = dC,, where C = zf = pe^^^ is defined by choosing a branch locally 
away from 0. The general (1,1) form, in particular the Kahler form for a conical metric, also 
has cross terms: 

(4) (jj = \/~^ (/e A e + /je A dzj + fjdzj A e + fijdzi A dzj) 

If cj = 

1 ^ , 1/52 Id 1 92 



dCdC 4 A\dp^ pdp P^p^de^ 

where ^ is the Laplacian associated with the standard conical metric on C^: gp ~ dp^ + 

p^p^de\ 

■'^ dCdzj 2 \dp Ppdejdzj^ 

Note that in example 2.1, one can take (j) = f + ea^\zi\^^ = f + e«^ICP: where / and a are 
smooth functions of {zi}. Since locally dz = dC}/^ — (3~^(^'P~^dC, dcj) — a + ea^QdQ with 
a = 0{1) as zi — > 0. So for u in the representation (4), /j — ej3a^~^a-jC, — 0(|C|). We certainly 
want such <j) to be in our space. Following Donaldson, we define 

Definition 2.2. (1) / is in C''''^ if f is j-Holder continuous in the coordinate 

{C = pe'^ ^r^e'^ ^ z\zf-\z,) 

(2) A (l,0)-form a = fie + J2j>i fjdz, is m C'T-'^ if f, G C'T-'^ forl<i<n, and /i -> 
as zi — ?> 0. 

(3) A (l,l)-form u written as (4) is in C''''^ "if fji fjj fi] G C''*''^, and fj,fj — > as 
zi ^ 0. 

(4) A function f is in C^-t^'^ if f,df,ddf are all C^^-^. 

Remark 2.1. The point is the derivatives in defining C'^-'''P function involve only the following 
wedge differentials: 



dp' pdO' dzj ' d(d( ' dpdzj ' p dOdzj ' dzidzj 
Donaldson set up the linear theory in [20]. 



, 2 < i,j < n. 
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Proposition 2.1. (\20]) Ifj < fi = (3 ^ — 1, the inclusion C^'^'^ C''^'^ is compact. Ifuj is a 
Kdhler metric on {X,D) then the Laplacian of uj defines a Fredholm map IS.^ : C^''^-'^ — >• 

In order to consider the conical Kahler-Einstein metrics for different cone angles at the same 
time, we define: 

Definition 2.3. (I) (space of admissible functions) 

CiX,D) =C^-\X)(J [j I IJ C^''^^{X,D) 

0<I3<1 \0<7<^-i-l 

For any C''^'^ conical metric uj, define 

■H{u) = {0 e C{X, D);uj + ^/^^^(|> > 0}. 

We will need the following basic openness theorem proved by Donaldson. 

Theorem 2.1 ([20]). Let Pq e (0, 1), a < ^lo ^ P^^^ - I and suppose there is a smooth conical 
Kdhler- Einstein on (^,(1 — I3q)D). If there are no nonzero holomorphic vector fields on X 
which are tangent to D then for /3 suifficiently close to /3q there is a conical Kdhler- Einstein on 
{X,{\-p)D). 

2.2. Functional from smooth Kahler-Einstein. In the study of smooth Kahler-Einstein 
metric problem from variational point of view, we have several energy functionals to consider. 
These functionals are defined on the space of smooth Kahler potentials: 

niuj) = {0 e C°°(X); uj^:=LO + ^/^ddcj) > 0}. 

Now we define the basic functionals in the theory 

Definition 2.4. For any (j) G T-Liuj), we define the functional 

(1) 

(2) 

J„(0)=FO(0)+ / (t>oj^/nl 
Jx 

(3) 

Jx 

Proposition 2.2. We have the following relations between these functionals: 
(1) 

n + 1 

JuW < < {n+l)JU4>), 

n 

(2) 

J X 

(3) If ipt is a smooth path in ^-[{uj), then 
(5) |f°(0O = -^HV"!> 
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Remark 2.2. Item 3 means F^{(l)) is the integral of Bott-Chern form. If we let h be the 
Hermitian metric on such that ujh :— —-v/— 199 log h = w. Denote h^ = he~'^. Connect 

h and h^ by any path ht — /le""^'. The corresponding path of curvature forms uif ~ ujh^ — 
uj + \/—ldd(j)t connects uj and uj^ . The Bott- Chern form is defined by 

/■I pi 



EC [ci{Kx'y'+';h,h^) = - dt{n+l)ht'htCi{Kx\hty' = {n + 1) / dt^wf 

Jo Jo 

So 

F'M) = -J^^^ BC {c,{K^'r+';h, h^) 

Next we define the energy functional whose Euler-Lagrange equation is the Kahler-Einstein 
equation. For any smooth Kahler metric uj £ ci{X), there exists a smooth function h^, which 
we call Ricci potential of w, such that 

Jx n\ Jx n\ 
Equivalently, Vl^ :— e^^i;^ is the unique volume form satisfying 



i?zc(ri^) := -V- 199 log = w, i ^ i — r- 

fx n\ 



UJ" 



Definition 2.5. (1) (Ding-Energy) 



FM) = F^icP) - Flog ( 1 / e''--V"/n! 



X 



(2) (Mabuchi-Energy) 

(6) M^{uj^) = ~ dt {S{uj^,) - n)^t^ 

Jo JX 

where (pt is any path connecting and <j) in the space of Kahler potentials 'H{uj). 

We collect various relations between these functionals in the following proposition. These 
are well known. For the proof, see for example [61]. 

Proposition 2.3. (1) The Euler-Lagrange equation of F^{uj^) is the complex Monge-Ampere 
equation corresponding to Kahler-Einstein metric equation 

[uj + V^99</>)" = e^^-'^uj'' ^ Ric{u}^) = uj^ 

(2) Mabuchi energy has an explicit formula: 

, ^dki^^ + + Ix 

(7) - log -4^-1 -(/.-j.)(0)+y^..."/n! 

(3) Ding-energy and Mabuchi- energy differ by a cycle. Furthermore, Mabuchi- energy is 
bounded from below by Ding- energy up to a constant. 

f UJ^ f UJ^^ f 

F^{u}^) = M^iuj^) - h^—+ h^^-^ < MujiuJ^,) - h^ — . 

Jx "f^- Jx Jx 'f^' 

These facts can be generalized to the conical setting (See section 4.1). 

Definition 2.6. A functional F : 'H(w) — > M is called proper if there is an inequality of the 
type 

F{uj^) > f {Juj{uJ4,)) , for any uj^ eU 
where f{t) : — > R is some monotone increasing function satisfying limt_>._|_oo f{t) = +oo. 
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Now we state a fundamental theorem by Tian which gives equivalent criterion for the exis- 
tence of Kahler-Einstein metric. 

Theorem 2.2 ([60]). If Aut{X,J) is discrete. There exists a Kahler-Einstein metric on X if 
and only if either F^(uj^) or is proper on 'H{uj). 

The case when Aut{X, J) is not discrete is more subtle. (We thank Professor Gang Tian, 
Professor Jiang Song and Professor Robert J. Berman for pointing out this point to us). The 
full general statement is a conjecture by Tian [60]. But for our application, we just need the 
following result obtained in [47]. It gives a condition for which Tian's argument for proving the 
properness works through. 

Theorem 2.3 ([47]). If K <Z G is a closed subgroup whose centralizer in G denoted by CentrxG 
is finite, then is linearly proper on K -invariant potentials. 

Given these theorems, the problem is reduced to the test of properness of or M^^. Tian 
developed a program using finite dimensional approximations. Define 



to be the space of k-th Bergman metrics. The following conjecture of Tian is the analytic 
version of Yau-Tian-Donaldson conjecture specialized to the Fano case. 

Conjecture 2.1 (Tian). There is a Kahler-Einstein metric on X if and only if for sufficiently 
large k, v^j is proper on Bk. 

The potentials in Bk has nice properties: 

Lemma 2.1 ([45]). For fixed k, there exists a constant Ck > such that for any 



Remark 2.3. So the properness in the sense of Definition 2.6 is the same as saying that there 
exists some monotone increasing function fk as in Definition 2.6 such that: 



holds for any (j) ^ Bk. In particular, Osc((/)) — )■ +oo would imply v^{lj^) — > +oo. 

2.3. Degenerate Complex Monge-Ampere equation on Kahler manifold with bound- 
ary. Let M be a Kahler manifold of dimension n-\-l with boundary dM . We will be interested 
in solving the Dirichlet problem of complex Monge-Ampere equation on M . Now we have 
several results for this problem. First we have the following existence of weak solutions 

Theorem 2.4. ([IQ]) Letuj be a nonnegative, smooth (1,1)- form on X . Assume (pi ^VS'H{ijj)r\ 
C'^{X), i = 0, 1. Then there exists a bounded geodesic $t connecting (f)o and (pi. In other words, 
there exists a bounded solution of the Dirichlet problem to the following homogeneous complex 
Monge-Ampere equation on X x [0, 1] x 5^. 




C-^ ■ (I - J)U^^) < Osc(,/)) < Ck ■ (/ - J)^(w0) 



i^t^(w0) > /fe(Osc(0)) 





For the reader's convenience, we give the proof by Berndtsson. 



Proof. Define 




Define the Perron-Bremermann envolope as 

$(a;) = sup{*(x); * G /C} 
We want to prove $ is a bounded solution of (8). 
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We first define ^ = max{<j)o - ARe{t),(f>i + A{Re{t) - 1)). For A sufficiently big, * G /C. So 
we can only consider functions in /C which is greater than 4'. Furthermore, since there is an 
5 ^-symmetry, we can only consider invariant functions in /C. For any such function 4', it is 
convex as function of Re{t), and it satisfies 

(j)o - ARe{t) < * < 00 + ARe{t), 0i + A{Re{t) - 1) < * < 0i - A{Re{t) - 1). 

So ^' has the right boundary values uniformly. The upper semicontinuous regularization $* 
of $ satisfy the same estimate and is plurisubharmonic. So $* G /C. So $ = $* is oj- 
plurisubharmonic. Since $* is w-maximal, it satisfies the equation (8). □ 

Remark 2.4. The existence of C^'^ -geodesies for smooth Kdhler was first proved by Chen in 
[15]. Since we want to deal with mildly singular varieties, we choose to work with just bounded 
solutions. There are many other important related works to this result. See for example [5], 
[28]. 

The following Theorem is now a well known fact which comes from many people's work. 
([14], [27], [16], [12]). We record a version appeared in [12]. 

Theorem 2.5. Assume VIq > is a Kdhler form on M and F > is a smooth, strictly positive 
function. Consider the Dirichlet problem of complex Monge-Ampere equation 

(9) (Qo + V^dd^r+^ = Fn^+\ <f|aA/-</' 

// there exists a smooth subsolution, that is, a ^ £ C°°{M) such that fig + ^/—\dd'^ > and 
(Oo + v^aa^')"+i > Fn'^+\ then (9) has a unique solution $ G C°°(M). 

We also record a result by Phong-Sturm. 

Theorem 2.6. (^46]J Assume > and there exists a smooth divisor E in the interior of 
M such that il > on M\E. Also assume the line bundle 0{E) has a Hermitian metric H , 
such that Vl^ = Vl -\- e\/—ldd \ogH > for e sufficiently small. If there exists a subsolution 
G C°°{M). Then the following homogeneous complex Monge-Ampere equation has a bounded 
solution $ G L°°{M) 

(10) {n + V^99$)"+i = 0, $|aA/ = </>. 

Moreover, $ G C'^^°'{M\E) for any < a < 1. 

For the reader's convenience, we sketch the proof of Phong-Sturm's theorem here. By sub- 
tracting the subsolution ip, we can assume (/) — 0. Then we approximate the degenerate complex 
Monge-Ampere equation by a family of non-degenerate equations. Let ils = ilo-\-s\/~ldd \ogH. 
Consider the family of equations: 

(11) i^s + \/^5a$,)"+i = Fsn'^+\ <S>s\oM = 0. 

By the Theorem 2.5, we can solve these equation for s > 0. To get the solution of (10), we 
want to take limit of $s. So we need to establish uniform a priori estimate for For uniform 
C°-estimate for $s, first note that 

An,^s > -trnMs = -^tmA^^- i^- s)V^dd log H) = -{n+1)- {e- s)trn,Ric{H) > -Ci, 

with Ci independent of s. On the other hand we can solve the Dirichlet boundary problem 

AnA = -Ci, e|aA/-0. 

Then by maximal principle, we get < ^. On the other hand, ip is a. subsolution of (11), by 
comparison principle of complex Monge-Ampere equation, we get that $s > V'- This uniform 
C°-estimate actually allows us to construct generalized solution to the homogeneous complex 
Monge-Ampere equation. 
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To get more regularity away from the divisor E, let $5 = $ — (e— s) log ||(t|P, where tr is the 
defining section of the line bmidle 0{E). We can rewrite this as 



Now we choose Fg such that F^ := i^3ri"+^/f2"+^ is a constant. 

Phong-Sturm in [46] proved the following partial-C^ (adapting Block's estimate), partial 
C^-estimate (adapting Yau's estimate): 

\V^\<Ci\\a\r^\ < C2\\a{z)\r^- 

with Ci, Ai independent of s. 

3. Obstruction to existence: log-K-stability 

3.1. log-Futaki invariant and log-K-(semi)stability. Fix a smooth Kahler metric u e 
ci{X). Assume is a smooth divisor such that D —XKx for some A > G Q. Assume C* 
acts on (X, D) with generating holomorphic vector field v. There exists a potential function 
0v £ C°°{X) satisfying y/^d6v — The log-Futaki invariant is defined by Donaldson: 



Definition 3.1. ([20]) 

iml^Kx,i^~P)D;v) = F{-Kx:v) + {l-/3) 



Vol{D) 
'(n-1)! " Vol{X) 



X 



Log-Futaki invariant is an obstruction to the existence of conical Kahler-Einstein metrics as 
explained in [35]. When A > 1, one can show that there are no nontrivial C* action for the pair 
{X, D). To obtain the obstruction for the existence we define the log-K-stability by generalizing 
the original definition by Tian and Donaldson. 

Definition 3.2. A test configuration of{X,L), consists of 

(1) a normal scheme X with a C* -action; 

(2) a <C* -equivariant line bundle £ — > A" 

(3) a flat C* -equivariant map n : X ^ C, where C* acts on C by multiplication in the 
standard way: 

such that any fibre Xt = 7r^^(t) for t ^ is isomorphic to X and {X,L) is isomorphic to 
(Xt, C\xt)- The test configuration is called normal if the total space X is normal. 

Any test configuration can be equivariantly embedded into x C* where the C* action on 
P''^ is given by a 1 parameter subgroup of SL{N -I- 1, C). If F is any subvariety of X, the test 
configuration of {X,L) also induces a test configuration {y,£\y) of {Y,L\y) ■ 

Let dk, dk be the dimensions of H'^{X,L''), H^{Y,L\y), and Wk, Wk be the weights of C* 
action on H'^{Xq, C\^^_^), H^{Yo,£\Yg), respectively. Then we have expansions: 

dk = aok" + aik''-^ + 0(A:"-2)^ ^ f^^j^n+i _^ ^^^n _^ 0(A:"-i) 

dk = aofc"-i + 0{k"-^), Wk = &ofc" + Oik"-^) 

If the central fibre Xq is smooth, we can use equivariant differential forms to calculate the 
coefficients by [19]. Let w be a smooth Kahler form in ci(L), and 9y = — V„, then 

(13) ao - / ^ - VoliX); a, ^ - S{u)'^ 

J X f^- ^ Jx 

(14) ^" = -//^^^^^ = -^//^^(-)S 
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(15) ao = / 7 7TT = Vol{Yo): bo = - , 

Comparing (12), (14)-(15), we can define the algebraic log-Futaki invariant of the given test 
configuration to be 

gq ao 

^j^g^ _ ao(2bi - bp) - bo(2ai - dp) 

ao 

Definition 3.3. {X,Y,L) is log-K-semistable along {X , C) if F{X,y,C) < 0. Otherwise, it's 
unstable. 

{X,Y,L) is log- K-poly stable along test configuration (X,C) if F{X ,y, C) < 0, orF{X,y,C) = 
and the normalization (A"", J^'', is a product configuration. 

{X,Y,L) is log-K-semistable (resp. log- K-poly stable) if, for any integer r > 0, (XjY^L"^) is 
log-K-semistable (log- K-poly stable) along any test configuration of {X,Y, L^). 

Remark 3.1. When Y is empty, then definition of log-K-stability becomes the definition of 
K-stability. ([60], [19]) 

3.2. log-Mabuchi-energy and log-Futaki-invariant. 

3.2.1. Integrate log-Futaki-invariant. We now integrate the log-Futaki invariant to get log- 
Mabuchi-energy associated with the problem. Define the functional: 

Then from (5) and (6), we immediately get 

Proposition 3.1. For any (j) € C'°°{X) D 'H{lo), we can define the log-Mabuchi-energy as 

(17) A^.,(i-0)d(^0) = MU^^) + (1 - /3) (-F%i^) + M|) fO(^)^ 

so that, if uJt = oj + \/—ldd4>t is a sequence of smooth Kdhler metrics in ci{X), then 

TiM^,.-.,o - - f(SM - „)*.-^ + (!-«(/, - "A I *i j 

Proposition 3.2. The log-Mabuchi-energy can be written in the following different forms 

>'c..(i-«d(c^0) - MU^^) + X{1 - ~ JUlo^) + {1 ~ 13) [ \og\sD\\u;;-cj'^)/n\ 

Jx 

, ,n . ,n 



log^^-r(/?)(/^- J„)(u;^)-H / (/i. -(1-/3) log 



2 



Proof. By the Poincare-Lelong equation -^^^;^991og |s|^ — —Xuj + {D}. So 
F%W ^ '^^//(^^^logH^ + A.)5^-^^t/^i-logN^|f + AX^M 



X 



1 w" — 

-logl^l^^^ + AJ-K) 



Here, for any smooth closed (l,l)-form x, we define 



J^W^- / dt 0xA 



Jx (n-iy. 
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By taking derivatives, it's easy to verify that nF^{(j)) + = {I — J)u:{^^<p)- So 

= A^.(c.^) + (nA)(l-/3)F°(0) + (l-/3)AX^ ((/.) + (!-/?) / -1 log - c.")/n! 

= X^K) + A(l-/3)(/-./)„(c.^) + (l-/3) / ^\og\sD\\u:;-io")/n\ 

Jx 2vr 

□ 

Remark 3.2. For any smooth Kdhler metric uj e ci(X), we define the twisted Ricci potential 
Huj,{l-I3)D = hu:- ^ log |si3p, SO that 

V^ddH^^^i^p)D = Ric{uj) -uj-{l- l3){-\oj + {D}) = Ric{aj) - r{l3)u - (1 - I3){D}. 
Then we can write the log- Mahuchi- energy in another form: 

(18) X<.,(i-/5)i3(c.^) = / log^^— ^^+r(/3) / 0^+i^O(0) +/ i7 ( 

Jx e'^"'<i-'^)"w" 7i! \Jx n\ ) Jx n\ 

using the equality (/^ - J^)(0) = - ( 4>^'4,/n\ + -F°(0)) • 

Remark 3.3. for simplicity, by abuse of notation, we will often omit the factor in the 
following calculations. 

3.2.2. log-Futaki invariant and asymptotic slope of log- Mabuchi- energy. In this section, we gen- 
eralize Sean Paul's work in [43] to the conical setting and prove Theorem 1.5 using the argument 
from [60] and [45]. 

Assume X C is embedded into the projective space and ujps is the standard Fubini- 
Study metric on P^. For any a € SL{N + 1,C), denote = a*ujFs\x- Sean Paul proved 
the following representation of Mabuchi-energy when it is restricted to the space of Bergman 
metrics. 

Theorem 3.1 ([43]). Let X" ^ P^ be a smooth, linearly normal, complex algebraic variety 
of degree > 2. Let Rx denote the X-resultant (the Cayley-Chow form of X). Let A^xP"-! 
denote the X-hyperdiscriminant of format (n-1) (the defining polynomial for the dual of 
X X P"-~i in the Segre embedding). Then there are continuous norms such that the Mabuchi- 
energy restricted to the Bergman metrics is given as follows: 

nnN f nx^ f \ 1 lk-AxxP"-i|P deg(AjfxP— i) , Ik-^xll^ 

19 n! K = log -hTT log nn U2 

l|AxxP"-i|| deg(i?x) ll^xlr 

The most important ingredient is the following identity proved by Sean Paul: 

Theorem 3.2 (Hyper-discriminant part in the K-energy). ([iS]) 
log = {N + n-l)fdtj 

ll'^XxP"-i|| Jo J(XxP~+"-i)v ^ ' 

1 f 



dt / (/)^(n(n-Kl)w^-ni?ic(w^)Aw^"') 



X 



The other ingredients are 



Lemma 3.1 ([66], [42]). There is a continuous norm on the Chow forms, which satisfies, for 
any projective variety X C P"'^, 

(20) log "^^^|f = (n + 1) dtjj^Lu- = ~(n + 1)!F^"(<^.). 
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Lemma 3.2. The degree of hyper- discriminant AxxP"-'^ o,''^dL degree of Chow form Rx and 
Rd are given by 



deg(AxxP-i) = deg{{X x P«-i)^) = / C2„-i(J(OxxP"-i (1, 1))) = n'nlVoliX) 

w;/iere J(OxxP"-i (1, 1)) is the jet bundle o/ OxxP"-i (l, 1) = vrjOpjv (1) (g) 7r2C'p,i-i (1) 

• 

deg{Rx) = {n + l)deg{X,K^^) = (n + l)!V^o?(X), degiRo) = ndeg{D,K^^) = nlFoZp) 

Combining the formulas (17), (19), and (20), we get 
Corollary 3.1. 

t ^ ^ h-^xxF--4^ dcg(AxxP-0 , \W-Rx\\^ 



|AxxP"-i|P deg(i?x) " 



2 



+(1 - P) (log - log 

+ ^ ^'{''^ \\RoF degiRx) ^ WRxW 

For any one parameter subgroup X{t) — t^ £ SL{N + 1,C). Although the log-Mabuchi- 
energy is not convex along X{t), the above Corollary says that it is the linear combination 
of convex functionals. As a consequence, we have the existence of asymptotic slope. Define 
^Mt) ~ M^T^Fslx, and (A'o,2?o) — l^i^t^o X{t) ■ {X,D) in the Hilbert scheme (which is the 
central fibre of the induced test configuration introduced in section 3.1). Then combined with 
[45], we have the following expansion 

Proposition 3.3. 

(21) X^.(i^0)d(^a(*)) ^{F + a) logt + 0(1) 

where F = F{—Kx, (1 ~ P)D] A) is the log-Futaki invariant, a > G Q is nonnegative and is 
positive if and only if the central fibre Xq has generically non-reduced fibre. 

Remark 3.4. In fact, if Xq is irreducible, then by ([dO], [45] j one can calculate that a = 
c ■ (niuh(A'o) - 1) /or c> e Q. 

Without loss of generality, we assume each homogeneous coordinate Zi are the eigenvector 
of X{t) on H^{X,0{1)) with eigenvalues Xq — ■ ■ ■ — Xk < Xk+i < ••• < Xn. Let WA(t) = 
wfs + a/— T990f. Then 

(22) 0. = log 

There are three possibilities for Xq. 

(1) (non-degenerate case) limf^o Osc(0t) — > +oo. By (22), this is equivalent to \~]f^Q{Zi = 

(2) (degenerate case) Osc((/)t) < C for C independent oit. This is equivalent to C^f^^iZi = 
0} Pi X = 0. In this case, Xq is the image of X under the projection given by 
[Zq, . . . , Zjsi] I— [Zq, . . . , Zk, 0, . . . , 0] and there is a morphism from : X — Xt^Q — > Xq 
which is the restriction of the projection. There are two possibilities. 

(a) deg($) > 1. In this case, Xq is generically non-reduced. So a > in (21). 

Example: Assume X" C P^ is in general position. Then the generical linear 
subspace L = pN-n^i satisfies L n X = 0. Let M ^ P" be a complement of 
L C P^. Then the projection of $ : P^\L M gives a projection $ : X ^ $(X) 
with degree equal to the degree of X. 
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(b) deg($) = 1. In this case, Xq is generically reduced. We have the following fact 
Example: Assume X" C is in general position. Assume K > n + 1, then 
N — K— 1<N — 71 — 2. So the generical linear subspace L = p^-^-i satisfies 
L n A = 0. Let M = be a complement of L C P^. Then the projection of 
$ : P^\L M gives a projection $ : A ^ ^{X) with degree 1. 

Proposition 3.4. As a functional on the space 'H(w) of smooth Kdhler potentials, if A4uj{^if>) 
is bounded from below (resp. proper), then {X,—Kx,{i — l3)D) is log-K-semistable (resp. log- 
K-stable). 

Proof. If log-Mabuchi-energy is bounded from below, then F < by the expansion (21). 

Assume A^u;,(i-/3)d('*^0) is proper on T-Liio) in the sense of Definition 2.6, then in particular 
it's proper on Bk- Then by Lemma 2.1 and Remark 2.3 (See [45]), in case 1 or 2(a), F <Q. 

By [37], we only need to test stability for normal test configuration with central fibre being 
a kit pair {Xq, (1 — /3)I?o)- In case 2(b), we have the product test configuration with vanishing 
Futaki invariant. □ 

Remark 3.5. Recently, Herman [7] proved general result that a Kdhler- Einstein Q-Fano variety 
is K-polystable. His approach is based on the expansion of Ding-functional along special test 
configurations which are sufficient to test K-polystability by [37]. 

3.3. log-slope stability and log-Fano manifold. Recall that when A < 1, r(/3) = 1— A(l— /3). 
So when /? = 0, r(/3) = 1 — A > 0. The metric in this case should correspond to complete metric 
with infinite diameter and with Ric = 1 — A > 0. This contradicts Myers theorem. So we expect 
when /3 is very small, there does not exist such conical Kahler-Einstein metrics. 

This is indeed the case. To see this, we first generalize Ross- Thomas' slope stability to the 
log setting. (See [48] [52]). For any subscheme Z C X, we blow up the ideal sheaf + (t) 
on A X C to get the degeneration of A to the deformation to the normal cone TzX. For the 
polarization, we denote Cc = 7r*i — cE, where E = Pz{C NzX) is the exceptional divisor, 
< c < Seshadri constant of Z with respect to A. 

cfe-l 

H^{X,dl) = i7"(A X C,L^ (E) {{t) +Izf^) - t^ H^\X,L^ © t''^ <C[t\H^ [X , L^) 

3=0 

So for k sufficiently large, 

ck 

H\Xq,CI) = H''{X,L'' ®lf )®^t^H''{X,L'' ®lf-' 



i=0 



If 

x(A,i'= 0Xf ) = ao(x)fc" + ai(x)fe"-i + 0(fc"-i) 
then by the calculation in by Ross-Thomas in [48] , we know that 

f f 1 

ba = aQ{x)dx — cao, bi = {ai{x) + —a'Q{x))dx — cai 







Similarly, 

i/°(3^,/:;?) = H"{XxC,L''®iit)+Izy''(EOx/lY) = H%YxC,L''^{{t)+Iz-OYy'') 



And 
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So, by [48] again, if 

L'' ® {iz ■ OyT") = ao(x)fc"-i + o(fc"-2), 

then 

bo = dQ{x)dx — cuq. 
Jq 

So we can calculate the log-Futaki invariant as 

aQF{X, y, C) = 2(ao6i - aib^) + (ao6o - ao&o) 
= ao(26i - 60) - &o(2ai - ho) 

(23) = 2ao (ai(x) - iao(a;) + iao(a;))(ia;^ - 2(ai - ao/2) j ao{x)d. 

In other words, we can define the log-slope invariant: 



a;. 



Jg^ flo (a;)(ia: oo (x)dx 

J^do{x)dx 



2 ao(x)(ia; 



Definition 3.4. We call {X,Y) is log- slope- stable, if for any subscheme Z C X, we have 

Proposition 3.5. Let X be a Fano manifold, and D a Cartier divisor which is numerically 
equivalent to —XKx- Then if X < I, the pair (X, (1 — I3)D) is not log- slope- stable for (3 < 
(A~^ — In the log-Fano case, the log- Mabuchi- energy is not bounded from below for very 

small angle. 

Proof. The idea is to look at the test configuration X given by deformation to the normal cone 
to D, as in [52]. By Lemma 3.3, the Seshadri constant of {—Kx,D) is equal to c = 1/A. We 
will calculate the Futaki invariant for the semi test configuration polarized by £ = L{—jD) 
with L = —Kx and show it is negative for /? < (A~^ — l)/n. 

In our case, if we choose Z = D ^ —XKx, then the calculation simplifies to 



ao{x) = ^ = (1 - xA)"^ = (1 - xXy'ao, a'ix) = -nA(l - xX^-^ao 

nl n! 



-Kx-{L-xDY-^ ..r^-ii-KxT ^^„-l 



We let F = (1 - I3)D, then 

, when a; > 

- — — nX{l — P)ao , when a; = 



ao{x) 
So 



aoix)dx^j^^^{l-il-cXr+') 
a'o{x)dx — ao(c) — oq = ao((l ^ cA)" — 1). 



ai(x)dx= |^(l-(l-cA)"), / ~ao{x)dx^{). 
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So the log-Futaki invariant is equal to 



n+ 1 

So we get F < /S > I3{X, c), wliere 



l-(l-cA)"+i V ^. 



/^rx a-i + 1 l-(l-cA)" 



It's easy to see that 



Er=o(i-cA)- 

A-i-l 



/3min := sup /3(A,c) 

0<c<A-i 

□ 

Example 3.1. On P^, when D is a line, then {X, (1 — f3)D) is unstable for all /3 e [0, 1); when 
D is a conic, then {X, (1 — I3)D) is unstable for (3 e (0, 1/4), and it will be proved below that 
it is semi-stable for (3 = 1/4, and hence poly-stable for (3 e (1/4, 1). On x , when D is a 
diagonal line, {X, (1 — (i)D) is unstable for (3 € (0, 1/2). By viewing x P^ as a double cover 
o/P^ along a conic curve (See Remark 6.1 in Section 6.1 for details) we see these observations 
match. It is an interesting question whether the bounds of P given by the above proposition is 
sharp for a smooth hypersurface d in P" with d < n + I. 

Lemma 3.3. The Seshadri constant of {—Kx,D) is equal to . 

Proof. Note that Xq — X Ud^ E. Here E = P(Nr) ® C) is the exceptional divisor and 
D ^ Doo C P{Nd © C) is the divisor at infinity. Cc\x = Kx^ - cD = {I - cX)Kj;-\ This is 
ample if and only if c < A"""^. 

On the otherhand, >Cc|p(JVDeC) = ''^*Kx^ + cO£;(l) = n*K^^ + cDoo- Let /i be a Hermitian 
metric on 0{D) such that Wh ■= —y/—lddlogh is a Kahler form. Then if we define Ct = 
X^^n*ujii + c^/-^^^\og{l + h), this gives a smooth rotationally symmetric (l,l)-form on E. 
To write in local coordinate, we choose two kinds of coordinate charts on E which covers 
the neighborhood of zero section Dq and infinity section D^o of P{Nd ® C) respectively. To 
do this, just choose local trivialization of No\d to get holomorphic coordinate along the fibre, 
which is denoted by ^. Then h = a|^p for some smooth positive definite function a. Note that 
Wft, = —\/^^dd\oga. In this local coordinate one can easily calculate that 

where for simplicity we denote = + £,a~^da. For the coordinate at infinity, we use 
coordinate change rj — then 

a-\-\r]\^' {\r]\^-\-ay 

with V'r/ = drj — rja~^da. So we easily sees that VL is positive definite if an only if c < A"""^. The 
lemma clearly follows from the combination of above discussions. □ 

The following example is for log-Calabi-Yau case (A = 1). We have more to say about this 
in the last section 8. 

Example 3.2. Let X = BlpF^, D G \ — Kx\ be a general smooth divisor. Choose Z = E to 

be the exceptional divisor. If we perform the operation of deformation to the normal cone, the 
central fibre is given by Xq = XUe=d^ P(C©0(— 1)). The Seshadri constant equals 2 and the 
line bundle £2 contracts X along its fibration direction and the resulting test configuration has 
central fibre Xq = P(C ® 0{—l)) = X. The boundary divisor on Xq is given by F -\- 2Doo where 
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F is the fibre over the intersection point FdE £ E = Dao- Denote L = K^^ and Y = (1-/3)1?. 
Then the calculation specializes to 

{L-xZf -Kx ■ {L - xZ) X 
ao{x)^ =4-a;-y, ai(x) = "^~2' 

ao(x) = deg(L - xZ)\y = (1 - /3)(8 - x). 
Using formula (23), it's easy to calculate the log-Futaki invariant as 

F{X,y,£2)^8(^^-2y 

This is negative if and only if (3 < 6/7. This is compatible with the calculation in [20] (See 
also [35] J, where, instead of taking deformation to normal cone, the same test configuration is 
generated by one parameter subgroup in the torus action. 

4. Existence of conical Kahler-Einstein metric 
4.1. log-Mabuchi-energy and log-Ding-energy. First note that 

Proposition 4.1. The functional I^[ijJ^), Juj{u!^), F^{(f>) are well defined for C''^'^ metric uj 
and (f) G T-Luj- Moreover, the relations in the smooth case also hold in the log case. 

The log-Mabuchi-energy is well defined for Kahler current with mild singularities. In partic- 
ular, it's well defined for conical Kahler metrics. 

Definition 4.1. (1) For any C''^'^ metric w in [uj\, define the twisted Ricci potential by 
equations: 



Riciuj) - ri/3)io - (1 - /3){D} = V^ddH^.^.^p^o, / e^-(-«- ^ 
(2) (log-Mabuchi-energy) For any cj) G T-L^^ 

Jx e^- (i-'^)"cj" n\ \Jx n\ J Jx ' n\ 



log H n in ^ ^-rmi-J)M+ / H^^ii-m'^- 



(3) (log-Ding-energy) 

J^..(i-^)d(^0) = F^icj^) - log (^1 ^ e«-(-«--'-('^)*a."/"!) 
Proof of Proposition 1.1. Rewrite the log-Mabuchi-energy as: 



A^.,(i-«d(^0) = ljog^^+r{P)[ I ^^+F°(0)) + 



X ' u:'- n\ ■ ■ \Jx n\ / Jx 



We see that the definition of log-Mabuchi-energy does not depend on the normalization of the 
twisted Ricci potential -ffcj.(i-/3)n- So linearity of log-Mabuchi-energy follows from the linearity 
ofr = r(/3) = l-A(l-/3) in /3 and the relation = (l-t)^f^,(i_/3o)D+^^^<.^,(i-;3i)i5+Ct. 

For the log-Ding-energy case, let /3t = (1 — t)/3Q -t- t/3i. So by Holder inequality we get 



X nl Jx^' ' n\ 



< ( / g^u.,(l-3o)0-PO<P / g-nc^,Cl-/3i)D 

Ix n\ J \Jx 



So the conclusion easily follows by taking log. □ 
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Proposition 4.2. (1) The Euler-Lagrange equations of log- Mabuchi- energy and log-Ding- 
energy are the same: 

(2) The log- Mabuchi- energy and log-Ding-energy differ by a cycle. 



Jx Jx 

(3) log- Mabuchi- energy is bounded from below by log-Ding-energy: 

(24) A^c.,(i-/3)r>(w^) >r-(/3)^L,(i-/3)r.(w^)+ / ifc.,(i-/3)r>w"/n! 

Jx 

The equality holds if and only ifoj^ is a conical Kahler- Einstein metric on {X, (1 — /3)D). 

(4) (co-cycle condition) Assume coi are C'^'^ Kahler metrics in c\{X), for i = 1,2, 3. Then 

■Mwi,(1-/3)d(W2) + .Mt^2,(i_;3)£)(a;3) = Mu;i,{l-0)D{i^3) 
■PLi,(l-/3)n('^2) + F^2,{1-0)d{^3) = -FLi,(l-/3)£)('^3) 

Proof. Items 2 and 4 easily follows from the formula relating twisted potentials of two Kahler 
metrics. 

= -flog^^ ^!i_^+iogfl/ e^-(-«--'-(Ww"/n!')') 

\^ eH^,(i-e)D-r{l3)4>^n \V Jx J J 

Item 3 follows from from concavity of log, because we can write 

A^.,(i-,).(-.) = ^^.,._J-r,,,,^n i^_ + riP)m) + 



□ 



It's easy to compare energy functional associated with different reference metrics: 



Proposition 4.3. Assume 0^2 = wi + y/^ddcj) with cj) G PSHoo{u)i). Then the log-Mabuchi- 
energy (or log-Ding-energy) is proper with Kahler metric wi if and only if it's proper with UJ2- 
In particular, we can choose coi to be smooth and W2 to be a C'^'^ conical metric. 

Proof. By the co-cycle relation for log-Mabuchi-energy (or log-Ding-energy), this follows from 
the following Lemma. □ 

Lemma 4.1. If log-Mabuchi-energy or log-Ding-energy is proper (resp. bounded from below) 
on the space of smooth Kahler potentials, then it's proper (resp. bounded from below) on the 
space of admissible Kahler potentials. 

Proof. For any admissible function (j) e H(w), we can find a sequence of smooth Kahler poten- 
tials (f)i, such that 

. lim \(t)i - (j)\co = 0, . lim w;. = w^. 

So lim.,^+ooXc..,(i-/?)D(^0,) = M^^(i-p)Dii^4>)- Similarly, lim,^+oo -?'c^(w0i) = -^^(w^). So the 
properness inequality is preserved by approximation and taking the limit. □ 

Lemma 4.2. Let oJi, i = 1,2 be two C''^'^ metric. Assume W2 = Wi + \/—ldd(f) for (f) S 
PSHooioJi). Then the norm defined by Juj-^ and J^^j are equivalent, that is, for any other metric 

1^1(^3) - ^2(^^3)1 < C(W1,W2) 
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Proof. Assume = uj2 + y^—lddtp = uji + \/—ldd{(p + tp). 



(25) = J^,(cj2)+E. 

We can estimate error term E using integration by part: 



E 



P /n— 1 \ „ /n— 1 

|E| < y |0|(w2+t^3)A f^<-i-'A^j < 2n||0||ioon!T/oZ(X) 



□ 



Theorem 4.1. (^[10] j // there exists a conical Kdhler- Einstein metric (jJke,^ on {X, (1 — l3)D), 
then ujKE,f3 obtains the minimum of log- Ding- energy F^ (^i^p)£){uj^) 

For the reader's convenience, we sketch the proof. 

Proof. For any admissible Kahler potential 0, by Theorem 2.4, there exists a bounded geodesic 
<i>t connecting <f> and 4>ke- Berndtsson proved in [10] that the log-Ding-energy is convex along 
the geodesic. Since (pKE is the critical point of log-Ding-energy, the result follows from convexity. 

□ 

Corollary 4.1. loke.P clIso obtains the minimum of log- Mabuchi- energy Aii^^{i-fi) o- 
Remark 4.1. Although we don't need it, we have the following fact 

Theorem 4.2. ([(S]) The log- Mabuchi- energy Aiui,(i-i3)D proper if and only if the log-Ding- 
energy i^^,(i_^)D is proper. 

4.2. Existence of conical Kahler-Einstein metric. Let's review the result in [31] to solve 
the conical Kahler-Einstein equation. 

Theorem 4.3. f|31] j // the log- Mabuchi- energy is proper on C'^''^'^ , then there exists a conical 
Kahler-Einstein metric on (X, (1 — P)D). 

The idea is to use continuity method as in the proof in the smooth case. So we consider a 
family of equations. 

(26) (w + y/^ddipT = e^-(i-«°-*'^w" 
This is equivalent to the equation 

(27) Ric{uj^) = tuj^ + (r(/3) - t)uj + (1 - /3){s = 0}. 

• Step 1: Start the continuity method. Let 

S = {te {-oo, r{l3)); (26) is solvable}. 

Then S is non-empty. This is achieved by solving the equation (26) when t <^ using 
Newton-Moser iteration method. See [31] for details. 

• Step 2: Openness of solution set. This follows from implicit function theorem thanks 
to the Fredholm linear theory set up by Donaldson in Theorem 2.1. 
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• Step 3: C°-estiniate. This is the same as in the smooth case. (cf. [4], [60]). We sketch 
the proof here. First by taking derivative with respect to t on both sides of (26), we 
get 

AtV"* = -ti^ - V' 

where At = A^^^ . So 

-(I - J)^{oj^) = - / V^A^^= / (_A,_t)v;(-AO^^ >0 
at Jx n\ Jx n\ 

Now using (27), one can calculate that 



n{mc{uj) ~ r{P)^ - (1 - P){Dm^ " r{P)-{I - J)^{^^) 
X nl at 

= - / n<(w^, -a;)'(/>^ -r(/?) — (/- J)^(cj^) 
Jx n\ dt 

So along the continuity path (27), the log-Mabuchi-energy is decreasing. By properness 
of log-K-energy, we see that [I — J)i^{uj^) is bounded from above. Now the C^-estimate 
follows from the following Proposition. 

Proposition 4.4. ("[31], [55]; 

(1) Osc{i}}t) < Iu>{^Tpt) + G for some constant C independent of t. 

(2) (Harnack estimate) — infx "0* ^ J^sup^ Vt- 

• Step 3: C^-estimate. To get the C^-estimate, we can use the Chern-Lu's inequality and 
maximal principle. More precisely, let S — log tr^^^u — Xijj. Then 

(28) A^^E>{Ci-Xn) + iX-C2tr^^Lj). 

Here 

. Ric{uj^){v,v) R{uj){v,v,w,iv) 
Gi — mt — — , O2 — sup — -. — r^—, rr— 

pex.veT^x g{v,v) pex,v,weTpX g(v,v)g[w,w) 

where Ric{ijj^) (res. -R(w)) is the Ricci curvature (resp. curvature operator) of uj^ 
(resp. uj). By the equation (27), Ric(uj^^) > tuj^^, so Ci > t. The other crucial point 
is the bisectional curvature of w is bounded from above, (cf. Appendix of [31]). 

To use the maximal principle in the conical setting, one can use Jeffres's trick as in 
[30]. We add the barrier function e||s||^''' for < 7' < 7 so that S + ejlsjp''' obtains 
the maximum ai x'q ^ D. We then apply the maximal principle to S + e||s||^''' and let 
e-> 0. 

• Step 4: C'^''''''^-estimate. There is a Krylov-Evans' estimate in the conical setting 
as developed in [31]. The proof is similar to the smooth case but adapted to the 
conical(wedge) Holder space. 

• Use the above a priori estimate, we prove the solution set S is closed. So 5 = (—00, 1] 
and the equation (26) is solvable. 

4.3. Alpha- invariant and small cone angles. In [6] and [31], Tian's alpha invariant [55] 
was generalized to the conical setting. We will explain this modification. 

Definition 4.2 (log alpha-invariant). Fix a smooth volume form fl. Define 

a{Kx\{l-m) 

= maxia > 0;30 < C„ < +00 s.i. / e-"^'^-""?"*)- , < for any £ PSHooiX) 
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Now fix a smooth Kahler metric a; G ci(X). For any a < a{K^^ , (1 — P)D), using concavity 
of log function, we can estimate: for any (f) £ C PSHoo{'^), 



n!|sz)|2(i-/3)y 



'■'0 



> 



1 / /■ . |sDp(^~^)'""' 
V 



log ^^TT:^^ + 



So 



-^lj,(i-/3)_d('^0) > aI^[Lo^) -r{l3)[I - J)^{ujtiy) - Ca 



> 



So if 

(29) a{K^\ (1 - /3)I?) > -^MP) = ^ (1 - A(l - /?)) , 

n + 1 n + 1 

then log-Mabuchi-energy is proper for smooth reference metric. To estimate the alpha-invariant, 
we use Berman's estimate: 

Proposition 4.5. ([&]) 

(30) a{Kx\ (1 - p)D) - \a{LD, (1 - P)D) > Amin{/3, a(Li3|i5), ^(Lij)} > 
Corollary 4.2. W'/ieK A > 1, 

/ n + 1 \ 

(31) < /? < min h , (1 - 1/A) + — — mm{a{LD\D), a{LD)}] , 

then the log-Mabuchi-energy is proper for smooth reference metric. In particular, when < 
P 1, the log-Mabuchi-energy is proper. When X < 1, we need to assume in addition that 
/3 > n(A-i - 1). 

Proof. This follows from (29), (30) and the relation 

A/3 > (1 - A(l -/3))-^p> n(A-i - 1) 

This is automatically true if A > 1 and /3 > 0. □ 

Corollary 4.3 (Berman,[6]). When A > 1, there is no holomorphic vector field on X tangent 
to D. 

Proof. If V is the holomorphic vector field tangent to £), then v generate a one-parameter 
subgroup A(t). Log-Mabuchi-energy is linear along a*ijj with the slope given by the log-Futaki- 
invariant. This is in contradiction to Corollary 4.2. □ 

Remark 4.2. This corollary was speculated by Donaldson in [20]. This is also proved using 
pure algebraic geometry in Song-Wang's recent work [51]. 

Proof of Theorem 1.2(Existence part). By the discussion above, when A > 1, i.e. in the log- 
canonically-polarized and log-Calabi-Yau case, the log-Mabuchi-energy is proper for < /3 <C 1. 
When there is a smooth Kahler-Einstein metric on X, the Mabuchi energy is bounded from 
below by [4]. So we can use Proposition 1.1 to get the properness of log-Mabuchi-energy for 
any < /3 < 1. Now we use Theorem 4.3 to conclude. □ 
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Proof of Corollary 1.1. Assume there exists a conical Kahler-Einstein metric for < /3 = /3o < 
1. Since we assume A > 1, there is no holomorphic vector field on X fixing D. By Donaldson's 
implicit function theorem for conical Kahler-Einstein metrics in [20], there exists a conical 
Kahler-Einstein metric for /3 = /?□ -I- e when e ^ 1. So the log-Mabuchi-energy is bounded for 
= /3o + e- Because log-Mabuchi-energy is proper for < /3 <C 1. Then we can use interpolation 
result Proposition 1.1 to conclude the log-Mabuchi-energy is proper for < /3 < /3o + £• n 

4.4. Construct smooth Kahler-Einstein metrics on branch covers, li D — mDi, we 
can construct branch cover X with branch locus D. 

B C Y 
D d X 

The canonical divisors are related by Hurwitz formula: 

Tfl — 1 

KY^TT*iKx + D) 

m 

In our setting, since D ^ —XKx, we get 

Ky^ " " ^^^^^) " r(l/m)7r*A'^i 

(1) (Positive Ricci) —{Kx -I- (1 — l/m)D) is ample. This is equivalent to r(l/m) > 0. 

Example: X = P^. Define degF = (Ky^)'^. 

• degL» = 2, m = 2, A = 2/3. degF = 4. F = x P^. 

• degD = 3, TO = 3, A = 1. degF = 3. F is a cubic surface. 

• degD = 4, TO = 2, A = 4/3. degF = 2. F is Blr¥^. 

(2) (Ricci flat) Kx + {1- l/m)D - 0. This is equivalent to r(l/TO) = 0. 

Example: X = P^. 

• deg-D = 4, TO = 4, A 4/3. F is a K3 surface in P^. 

• deg-D = 6, TO = 2, A = 2. F is a K3 surface. 

(3) (Negative Ricci) Kx + (1 — l/m)D is ample. 

Example: X is P^ and D is a general smooth, degree d curve such that A = d/3. 
Choose m\d. Except for the cases already listed above, Kx + (1 ^ l/m)D is ample and 
there exists an orbifold Kahler-Einstein metric with negative Ricci curvature. 

Proposition 4.6. Fix an orbifold metric uj on [X, (1 — l/m)D). The branch cover tt induces a 
map from VS'H{ui) to VS'H{tt*uj) by pulling back. The energy functionals are compatible with 
this pull back. 

i^J.^(7r» = TOFj^(i_i/„)^(</.) 
Ml.Jn*(j)) = r7iM^(i_i/„)^(?!)) 
Similar relation holds for the functionals F^^{(j)), I and J . 

Proof. For any orbifold metric lo G ci(X), there exists such that 

Ric{ijj) - r(l/TO)a; - (1 - 1/to){D} = V^ddH^,(i_i/m)D 
UJ = Tr*uj is a smooth Kahler metric in 7'(1/to,)~^ci(F) satisfying 

Ric{uj) - r{l/m)(:j = V^ddn* H^^(^i_i/^^d 
So ha, = TT*H^,^i^i/,^)D and e''^^" = ^*(e«-(i-i/™)°L^»). 

eff..,(l-3)o-'-(l/™)</'^" /„! = — / f,ha:-r{l/ra)7:'<t>^n,^_ 

X m Jy 

By the formula for the F^{(p), I, J functional in Definition 2.4, the relation stated in the 
proposition holds. □ 
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Proof of Theorem 1.3. We can choose the reference metric a; on X to be orbifold metric. Then 
the pull back Cj — tt*uj \s a, smooth Kahler metric on y. If luke = w + \/—ldd4>KE is the 
conical Kahler-Einstein metric on {X, (1 — l/m)D, ci{X)), then (j)KE = '^*4'ke is the bounded 
solution of the following Monge- Ampere equation on Y. 

Because locally, the covering map is given by z — >■ z™, by asymptotic expansion obtained in 
[31, Proposition 4.3], one verifies (j)KE is C^. So by elliptic theory, (pKE is indeed a smooth 
solution of Kahler-Einstein equation on Y. Note that tt*ujke is in the Kahler class 7t*ci{X) = 
r{l/m)-^ci{Y). □ 

5. Special degeneration to Kahler-Einstein varieties 

5.1. Kahler current on singular varieties. We will first establish some standard notations 
following [22]. 

Definition 5.1 (Q-Fano variety). A normal variety X is Q-Fano if X is kit and — A'x is an 

ample Q-Cartier divisor. 

Assume X is an n-dimensional Q-Fano variety. D is a smooth divisor such that DnX^™^ = 0. 
Define the space of Kahler metrics on Q-Fano varieties following [22]. 

Definition 5.2. ([22]) 

(1) (Plurisuhharmonic functions) Let X he a normal analytic space of pure dimension n. 
A plurisuhharmonic (psh) function cj) on X is an upper semi-continuous function on X 
with values m M U {— oo}, which is not locally ~oo, and extends to a psh function in 
some local emhedding X — > C^. The function cj) is strongly psh (resp. , resp. C°° ) 
iff it extends to a strongly psh function (resp. C", resp. ) in some local embedding. 

A pluriharmonic function on X is a real valued continuous function f on X such 
that the following equivalent condition holds: 

• f is locally the real part of a holomorphic function 

• Given a local emhedding X — > C^, / extends locally to a pluriharmonic function 
on C^. 

• /|x'-=9 is pluriharmonic. 

(2) (semi-Kdhler current) A semi-Kdhler, resp. Kahler, resp. smooth Kahler, potential on 
X is a family {Ui,4>i)i£i where (Ui) is an open covering of X and (pi is a psh function, 
resp. a strongly psh function, resp. a C°° -smooth strongly psh function, on Ui such 
that (j)i — is plurisuhharmonic on Ui H Uj . 

(3) A smooth Kahler metric Usm on X is a ^-equivalence class of smooth Kahler potentials. 
A semi-Kdhler (resp. Kahler) current on X is a ^-equivalence class of semi-Kdhler 
(resp. Kahler) potentials. 

A semi-Kdhler current to is said to have Lf^^ (resp. C", resp. Holder continuous) 
potentials iff, there exists a potential {Ui,(l)i)iei fortu, each (j)i is Lf^^ (resp. C*^, resp. 
Holder continuous). 

In this paper, we will only be interested in the class of bounded plurisuhharmonic functions. 
Note that, by the above definition, we can define yZ—lddcf) for any plurisubmonic function (j) by 
extending to ambient C^, taking ^/—Idd and then restricting to X. So we define 

P5ffco(t^) {0 e L°°{X);u} + yf^ddct) > and (/) is u.s.c. }. 

Remark 5.1. Any function <j) G PSHryo{X,uj) is of finite self-energy in the sense of Definition 
1.1 m [22]. 

Remark 5.2 (Orbifold metric induces L°° Hermitian metrics). When the Cartier index of Kx 
divides r, K^^ is a line hundle. Any orhifold metric induces a Hermitian metric on K'^^ and 
hence on K^®^ . In fact, for any point x, we can choose local uniformization chart U ^ U 3 x 
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such that U = U /G for some finite group G and we choose local coordinates {zi\ on U . Define 
reorder of G. Then the Cartier index of Kx at x divides r. The r-pluri-anticanonical form 
f = A- • •A9z„)®'' on U is G-invariant, so it induces a local generator r of K^^^ downstairs. 
If we have an orbifold metric which is locally induced by a smooth G-invariant metric g on U . 
We just define the Hermitian metric on K^®^ by requiring |rp = \di\^^ = <lei{gY . 

Example 5.1. Let Z4 acts on by : (zi,Z2) !—> (^zi,^Z2) where ^ — exp(27r\/— 1/4). Let 
X = C^/Z4, then X has an isolated singularity of index 2, which is usually denoted by -1(1, 1). 
We can embed X into by defining Ui = z^~'^Z2 for i = 0, . . . , 4. 

We can choose the orbifold metric induced by the following smooth metric on U = C'^ : 

Cj = V^99(|zip + \zi\^ + Izsp) = (1 +4|zip)dzi Arfzi + dz2 Arfz2 

Thenr^ (a^^A^iJ^^ induces a generator t of K^®^ with |r|? = (l + 4|zi|2)2 = {l + A\ui\^/^f . 

By the above discussion, we see that the Hermitian metric determined by an orbifold metric 
is not a smooth Hermitian metric defined in Definition 5.2. However, by the above discussion, 
its relative potential to a smooth Hermitian metric is uniformly bounded, so there is no technical 
difficulty in dealing with them as L°° -Hermitian metrics. 

5.2. Proof of Theorem 1.4. Assume tt : {X, —Kx/c) — J' C is a special degeneration. Assume 
for simplicity, X has only finite many isolated singularities {pi}. For any (f) e C°°{X), we are 
going to solve the homogeneous Monge- Ampere equation 

(32) {^ + V^dd<^r+^ =Q,'^y^x=<ly- 
Proposition 5.1. There exists bounded solution $ for (32). $ G G^^°'{X\{pi\). 

Proof. If X is smooth, then this follows from Blocki's Theorem (Theorem 2.5). If X is singular, 
we can choose a equi variant resolution tt : X ^ X . Then we solve the equation on X: 

(33) (f] + V^aa$)"+i -Cl-lsixx = 

with f2 = 7r*r2 being a smooth, closed, non- negative form. By the following Proposition, we have 
smooth subsolution for (33). So by Phong-Sturm's result (Theorem 2.6), we can get bounded 
solution $ of (33) and, moreover, $ is C^'" on X\E, where E is exceptional divisor. Since $ 
is constant on the fibre of the resolution, $ descends to a solution $ of (32). □ 

As pointed out in the above proof, to apply Theorem 2.6, we need to know the existence of 
subsolutions. Let X* = X\Xo. To construct such subsolution, we first note that there is an 
equivariant isomorphism 

(34) p:C* X X = X* ^ X. 

Let A = {w E C;\w\ < 1 be the unit disk and = 7r^^(A). We embed the special test 
configuration equivariantly into x C: 

: iX,~Kx/c)-^Cx (P^,Op«(l)). 

We get a smooth S'^-invariant Kahler metric on X/\ by pulling back 51 = 0^ (ujps-{-\/—ldwAdw). 

Proposition 5.2. For any smooth Kahler potential cf), there exists a smooth -invariant 
smooth Kahler metric fi* on X/\ such that p*^lyi,\gi-^x — '^2'^cj>- As a consequence, is a 
subsolution of the homogeneous Monge- Ampere equation (32). 

Remark 5.3. Similar result was proved in [46]. For the reader's convenience, we give a proof 
here. 

Proof. Under the isomorphism (34), we can write 

7r2a;0 + ^/-Idw A dw = Q + \/^59*o 
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by taking \l/o = — \og[h^/ p* (fi^^hps)- Let r}{'w) be a smooth cut-off function such that 'q{w) = 1 
for \w\ < 1/3 and r}{w) = for \w\ > 2/3. Now we define a new metric on C* x X: 



= n + \/^aa(*o-r?H*o + a|«;|^). 

In other words we let ^ = (1 — ri{w))^o + + c for some constant c. 

We will show when M 9 a ^ 1 is chosen to be big enough, then we get a smooth Kahler 
metric on Aa with the required condition. 

For \w\ > 2/3, = 7r*u)^ + a\/^dw A dw. So $1$ is a smooth 5^-invariant Kahler metric 
for < 1/3 or > 2/3. When |«;| < 1/3, $1* = + a^/^dw A dw. We can use the glue 
map p to get a smooth 5^-invariant Kahler metric on 7r~^({|w| < 1/3}). We need to consider 
the behavior of at any point p G C* x X such that 1/3 < \w{p)\ < 2/3. 

= n*iJ^-r]V^dd'^o-'^oy/^ddr]-V^{dr]Ad'i!o + d^oAdr]) +{a + ^)^/^dwAdw 
> (1 - r?)(a;^ + y/^dw A dw) +r]Cl- e\/^9*o A + {a- e~'^\r]wf)\/^dw A dw 

Note that the first two terms together are strictly positive definite. Because on A'|„,|>i/3 = 
7r~^({|w| > 1/3}), ^'o is well defined smooth, we can choose e sufficiently small and a sufficiently 
big such that this is a positive form on A'|u,|>i/3. □ 

Proof of Theorem 1.4- There exists a metric hn on K^^^^ such that fl = —\/^ddloghQ. ha 
defines a volume form on each fibre. If we choose local coordinate {zi} on Xt and denote 
dz = A ■ ■ ■ A dzn and dz = dz\ A ■ ■ ■ A dzn- Then the volume form is given by 

dV{hn\xJ = 1^^ A^TI^^i^^ dzAdz 

Let S be the defining section of the divisor V. Fix the Hermitian metric || • || on Oxi'D) such 
that -y/^dd\og\\ ■ IP = AO. 

Let cot = ^\xf To prove the lower boundedness of log-Ding-functional -FL,.(i-^i)r>i by Lemma 
4.1, we only need to consider smooth Kahler potentials. For any smooth potential (f> E C°°{X), 
we solve the homogeneous complex Monge-Ampere equation (32) to get the geodesic ray 
Then consider the function on the base defined by 

Claim 5.1. f{t) satisfies Af > 0. 

Assuming the claim, let's finish the proof of Theorem 1.4. By maximal principle of subhar- 
monic function, we have 

F^,,ii-^)Di<t>) = /(I) = max/(t) > /(O) = <°(i_^)^,($ko) 

Now since by assumption, there exists a conical Kahler- Einstein metric u>ke = + \/— ldd(j)K e 
on (Aq, (1 — P)'Do). By Berndtsson's Theorem 4.1, we have 

-PLo,(l-/3)27o(*ko) > Ko,{l-0)Vo{(f>KE) 

So combining the above two inequality, we indeed get the lower bound of log-Ding-energy: 
Now, to prove the claim, we write f{t) as parts: f{t) =1 + 11: 

i = F^^i^U) = -J^BC{n-+\{n+V^idd<i>)-+'), ii = -yiog(l y^e-(«*^|p^) 
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For part I, we use the property of Bott-Chern form and the geodesic equation to get that, 

Jxt 
Jxt 

= [ > 

Jxt 

For part II, we can write locally 1 = dz<E)dz in the decomposition Ox — —Kx /c + Kx /c- Then 
we think 1 G Oc is a holomorphic section in ■K■^,Ox = Cc- 

II = -log||l||i. 

where \\ ■ ||^2 is the L^-metric induced by the singular metric H — /ioe~'"^^''*/|15|p'^^~''^ on 
—Kx/c- Then the subharmonicity is given by the next proposition. □ 

Proposition 5.3. II is a subharmonic function of t. 

Proof. First note that 

-s/^dd\ogH = n + {l-X{l-/3))y/^dd<i> + {l-l3)(-\n + {V = 0}) 
= (1 - A(l - ^))r!4, + (1 - ^)Af7 + (1 - 

is a positive current. If X is smooth, then the subharmonicity follows immediately from 
Berndtsson's result in [10]. In our case, X has isolated singularities. We can use divisors 
to cut out this singularity and reduce the problem to smooth fibrations of Stein manifolds. We 
apply Berndtsson-Paun's argument in [11]. They construct a sequence of smooth fibrations 
TTfe : Afe — > C, such that 

(1) TTfe is a smooth fibration. Each fibre is a Stein manifold. 

(2) As fc — ?> +0O, {Xk} form an exhaustion of X. 

Now, as proved by Berndtsson-Paun, II is the limit of Ilfc = — log ||1||^, where || • ||fe is the L^- 
norm on the direct image {Trk)*{Ox^)- By result in [9], — log||l||^ is plurisubharmonic. So we 
again get that II is plurisubharmonic on the disk {|w| < 1}. Note that, since II is rotationally 
symmetric, this is same as saying that II is a convex function oi t = \w\. □ 

Remark 5.4. When the central fiber is smooth, this is a theorem of Chen [16], where a more 
general statement concerning constant scalar curvature Kdhler metrics is proved, using the 
weak convexity of Mabuchi functional on the space of Kdhler metrics. It seems difficult to adapt 
Chen's argument to the singular setting. The advantage herefin the log setting) is to use Ding's 
functional, which requires much weaker regularity of the geodesies. A fundamental result of 
Berndtsson [10] says that the Ding functional is genuinely geodesically convex. This technique 
has been demonstrated in [10], [8] and [7]. 

Remark 5.5. During the writing of this paper, the paper by Herman [7] appeared in which more 
general results about subharmonicity of Ding-functional in the singular setting was proved. It 
seems very likely that his argument implies the following result. 

Conjecture 5.1. Let vr : {X,T>) — > C &e a special degeneration for {X,D). Suppose the central 
fiber (Ao,I?o) admits a singular Kdhler- Einstein metric of cone angle 2tt/3 along T>q. Then the 
log-Ding functional is bounded below. As a consequence, the log-Mabuchi functional 

Muj,(i-i3)D is also bounded below. 

6. A CASE study: D=DEGREE 2 CURVE ON X = 



6.1. Proof of Theorem 1.7. 
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Proof of Theorem 1.7. We first apply Phong-Song-Sturm- Weinkove's properness result in The- 
orem 2.3 to show that the Ding-energy is proper on the space of S'0(3)-invariant Kahler 
metrics. For this, we need to show that the ccntralizcr of 5*0(3, K) in SU{3) is finite. Indeed, 
if 7 G Centrso(3,R)SU(3), then 7 • C is an invariant degree 2 curve under SO{3, M). But there is 
a unique curve invariant under SO{3, M.) which is just C itself. So 7 • C = C and we conclude 
7 G 5*0(3, R). Since the center of 50(3,R) is finite, so the conclusion follows. 

By the calculation in Example 3.1, we see that (P^, (1 — (3)D) is unstable when < /3 < 1/4, 
so there is no conical Kahler-Einstein metric for ^ e (0, 1/4), by Corollary 4.1 and Proposition 
3.4. 

To prove the properness for all (3 G (1/4,1], by Proposition 1.1, we only need to show 
the lower boundedness of log-Mabuchi-energy when P = 1/4. To do this, we construct a 
special degeneration to conical Kahlcr-Einstein variety and apply Theorem 1.4. The special 
degeneration comes from deformation to the normal cone. Let X be the blow up of x C 
along D X {0}. Choose the line bundle £3/2 := Tr*Kp.^ — 3/2E where E is the exceptional 
divisor. Then £3/2 is semi-ample and the map given by the complete linear system |fc£3/2| for 
k sufhciently big contracts the P^ in the central fibre and we get a special test configuration X 
with central fibre being the weighted projective space P(l, 1, 4). The weighted projective space 
inherits an orbifold Kahlcr-Einstein metric from the standard Fubini-Study metric on P^ by the 
quotient map P^ = P(l, 1, 1) ^ P(l, 1, 4) given by (Zq, ^1,^2) ^ {Zq, Zi, Z^) =: [Wq, Wi, W2]. 
(See example 8.1 in section 8 for a toric explanation) The induced orbifold Kahler-Einstein 
metric is the same as the conical Kahlcr-Einstein metric on P(l, 1, 4) which has cone singularity 
along the divisor [W2 = 0] with cone angle 27r/4. There is one orbifold singularity on P(l, 1, 4) of 
type ^(1, 1) as explained in example 5.1. But this does not cause any difficulty by the discussion 
in Section 5.1. So by Theorem 1.4, we get that the log-Ding-energy F^'^^^^j-, is bounded from 
below. So by Proposition 1.1, ^L;,(i-/3)d(?^) is proper for /3 G (1/4, 1] on the space of 50(3,IR) 
invariant conical metrics. So by the existence theorem explained in section 4.2, we get the 
existence of conical Kahler-Einstein metric on (P^, (1 — P)D) for any /3 G (1/4, 1]. □ 

Remark 6.1. When (3 = 1/2, there exists an orbifold metric on (P^, 1/2D) coming from the 
branched covering map given by 

p : Pi X Pi p2 

[Uo,Ui],[Vo,Vi] ^ [UoVo + UiVui{UoVi + UiVo),i{UoVo-UiVi)] 

This is a degree 2 cover branching along the diagonal A = {[J7o, Ui], \Uq, Ui]} c P^ x P^. Note 
that 

p{A) =D = {Zl + Zl + Zl = 0} C P2. 

AMfO(pi X Pi) = PSL{2,C) X PSL{2,C). PSL{2,C) acts diagonally on P^ x P^ and we will 
denote such action by PS'i(2)'^"*s_ y/jg induces a morphism between groups: 

ip : PSL{2,Cf"'^ PSO{3,C) 

^ I (o2 + 62 + c2 + rf2)/2 -i[ab + cd) -i(a2-62 + c2-d2)/2 

— — — i{ac+bd) ad + bc ac—bd 

~ ''^ V i(a2 + 62 _ c2 - d2)/2 ab - cd {a^ -b''-d' + rf2)/2 

Note that ip{SU{2)) = SO{3,M.). Actually this morphism can be seen as the complexification of 
the covering map from SU(2) to 50(3, R). 

(Z2 X SU {2)'^^^^) -invariant metrics on P^ x P^ are one-to-one correspondent to 5*0(3, R)- 
invariant orbifold metrics on (p2, 1/2D). Now if we take K = PSU{2, C)*"^, then it's easy to 
see that the centralizer of K in G = PSU{2,C) x PSU{2,C) is finite. By Theorem 2.3, the 
Ding energy F^ is proper on Z2 x P SU {3)'^'^°'^ invariant Kahler metrics. By Propositioin 4-6, 
we haven shown directly that the log-Ding-energy is proper on the space of 5*0(3, R) invariant 
conical Kahler metrics on (p2, 1/2D). 

Prom the above proof it is tempting to expect that 
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Conjecture 6.1. The conical Kdhler- Einstein metric iop on with cone angle 27r/3 along a 
smooth degree 2 curve converge in the Gromov-Hausdorff sense to the standard orbifold Kdhler- 
Einstein metric on P(l, 1,4) as (3 tends to 1/4. 

Actually, more generally, assume there is a special degeneration {X,y) of the pair {X,Y), 
such that (Ao,3^o) is a conical Kahler-Einstein pair. Then we expect {X,Y) converges to 
(A'o,3^o) in Gromov-HausdorfF sense along certain continuity method (either by the classical 
continuity method by increasing Ricci curvature (cf. [4], [34]), or by changing cone angles(cf. 
[20]) , or even by log-Kahler- Ricci flow(cf. in [53]). This philosophy is certainly well known to 
the expects in the field. In particular, this is related to [62] and [21]. 

Remark 6.2. In [32], smoothable degenerations ofP'^ are classified. They are given by smooth- 
ings of weighted projective planes P^(a^,&^,c^) where {a,b,c) satisfies the Markov equation: 
+ b'^ + = 3abc. Different solutions are related by an operation called mutation: (a, b, c) — >■ 
(a, &, 3a6— c). The first several solutions are (1,1,1), (1,1,2), (1,5,2), (1,5,13), (29,5,2). The 
above construction gives first geometric realization of such degeneration corresponding to the 
mutation (1, 1, 1) — > (1, 1, 2). We expect there is similar geometric realization of every mutation. 

6.2. Calabi-Yau cone metrics on three dimensional A2 singularity. Through a stimu- 
lating discussion with Dr. Hans- Joachim Hein, we learned that Theorem 1.7 has the following 
application. Recall it was discovered by Gauntlett-Martelli-Sparks-Yau [24] that there may not 
exist Calabi-Yau cone metrics on certain isolated quasi-homogeneous hypersurface singularities, 
with the obvious Reeb vector field. In particular, there are two constraints: Bishop obstruction 
and Lichnerowicz obstruction. As an example, the case of three dimensional Ak-i singularities 
was studied. Recall a three dimensional Ak-i singularity is the hypersurface in defined by 
the following equation 

X-^ ~\~ X'2 ~\~ •^'2 — t- X^ —— 0. 

There is a standard Reeb vector field £,k which generates the C* action with weights (fc, k, k, 2). 
Let Lk be the Sasaki link of the Ak~i singularity. Then the existence of a Calabi-Yau cone 
metric with Reeb vector field is equivalent to the existence of a Sasaki-Einstein metric on 
Lk. In [24], using the Bishop obstruction, it was proved that admits no Sasaki-Einstein 
metric for fc > 20, and using Lichnerowicz obstruction this bound was improved to fc > 3. For 
k = 2 this is the well-known conifold singularity and there is a homogeneous Sasaki-Einstein 
metric on the link L2. For fc = 3 by Matsushima's theorem the possible Sasaki-Einstein metric 
on L3 must be invariant under 5*0(3; M) action, and is of cohomogeneity one. The ordinary 
differential equation has been written down explicitly in [24] , and it is an open question in [24] 
whether L3 admits a Sasaki-Einstein metric. 

In the language of Sasaki geometry, the above examples Lk are all quasi-regular, meaning 
that the Reeb vector field generates an action on Lk, and the quotient Mk is a polarized 
orbifold Mk(in the sense of [49]). The existence of a Sasaki-Einstein metric on Lk is equivalent 
to the existence of an orbifold Kaler-Einstein metric on Mk- In the above concrete cases, the 
orbifold Mk is the hypersurface in P(fc, k, fc, 2) defined by the same equation x\+x\+x1+x\ = 0. 
Note that P(fc, k, fc, 2) is not well-formed. When k — 2m -f- 1 is odd, then 

P(2m + 1,2to+ 1,2to + 1,2) ^ P(2m + 1,2™ + 1,2™ + l,2(2m + 1)) = P(l, 1, 1, 2) 
[xi,X2,X'i,X4\ H> [xi,a;2,X3,a;4"'+^]. 
Similarly, when k = 2m is even, then 

P(2m,2m,2m,2) ^ P(2™, 2™, 2™, 2™) = P(l, 1, 1, 1) 

[xi,X2,X3,X4] l-^ [xi,X2,X3,xf]. 

So Mk is isomorphic to {zf + Z2 + + Z4 — 0} = P"^ when k is odd, and to {zf -|- z| -I- z| -|- z| = 
0} = X P^ when fc is even. Regarding the non-well-formed orbifold structure it is not hard to 
see that when k is odd we get (P^, (1 — l/k)D) and when fc is even we get (P-^ x P-^, (1 — 2/fc)A). 



30 



CHI LL SONG SUN 



Thus we see the close relationship between the existence of Sasaki-Einstein metric on Lk and 
the existence of conical Kahler-Einstein metric on (P^, (1 — l/k)D). In particular we know there 
is no Sasaki-Einstein metric on for fc > 3 by Example 3.1,. This is not surprising at all, 
since by [49] the Lichnerowicz obstruction could be interpreted as slope stability for orbifolds. 
The new observation here is the case fc = 3 follows from Theorem 1.7. So we know the three 
dimensional A2 singularity admits a Calabi-Yau cone metric with the standard Reeb vector 
field. This is Corollary 1.4. 

The corresponding Sasaki-Einstein metric on is invariant under the 5*0(3; M) action. It 
would be interesting to find an explicit solution by solving the ODE written in [24]. In [17] 
cohomogeneity one Sasaki-Einstein five manifolds were classified, but the above result suggests 
that the classification is incomplete. 

7. Convergence of conical KE to smooth KE 

In this section, we prove the convergence statement in Theorem 1.2. So we assume there 
exists smooth Kahler-Einstein metric on X. When Aut{X) is discrete, then ujke is invariant 
under Aut{X). In this case, the Mabuchi energy is proper on H{io). 

Theorem 7.1. Assume cj^ = cj + \/ —Iddcjjp, and ujke — uj + \/—ldd(j>KE then, /pp converges 
to 4>KE in C^-norm. Moreover, (f>p converges smoothly on any compact set away from D. 

Proof. By Theorem 1.1, the log-Mabuchi-energy A^cj, (1-/3)13 is proper on H for /3 e (0,1]. 
Furthermore, there exists a constant C independent of /3 such that 

(35) A^<^,(i-/3)d('^0) > Cil^{uj^) - C2. 

When u!^ — ujp is the conical Kahler-Einstein metric on {X, (1 — (i)D) then 

■^c^,(1-/3)d(w^) < ■^a.,(l-/3)c(^) = 0. 

So from (35) , we see that there exists a constant C independent of (5 such that 

< C. 

Assume ojp = oj + 159(/)^. By Proposition 4.4([31]), there exists a constant C independent 
of f3 such that 

Osci^p) < I^{LOp) + C= f (/.(c^" - w^)/n! + C. 

Jx 

So |[ 0/3 lie" is uniformly bounded. Now the theorem follows from standard pluripotential theory. 
For the last statement, we use the same argument as in the in the proof of existence result in 
section 4.2. First we use Chern-Lu's inequality: 

Ap{\ogtr^^uj - C<j>p) > (Ci - An) + (A - Cstr^^a;). 

to get C^-estimate on (f>p. Note that it's easy to verify from the calculation in the Appendix 
of [31] that we can choose the upper bound on bisectional curvature to be independent of /3. 
Then we can use Krylov-Evan's estimate to get uniform higher order estimate on any compact 
set away from D. The smooth convergence follows from these uniform estimates. □ 

When Aut{X) is continuous, then Aut(X) is the complexification of G := I som{X ^ g k e) ■ 
By [4], the moduli space of Kahler-Einstein metrics (denoted by ^ke) is isomorphic to the 
symmetric space G^/G. The important step now is to identify the limit oj^^. t^^E i*^ ^^i^ 
critical point of the following functional, which is part of log-Mabuchi-functional. 

Lemma 7.1. Define the functional 

^u.M^<^) = HI - J)M + I log||s||'(c^;-c^")/«! 

Jx 

where Aw = \/—\dd log ||s||^j. Then ^ satisfies the following properties: 
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(1) 

(36) Mu^M^d,) = M^{uj4,) + (1 - P)^^,d{'^4>). 

(2) For ip e VSHoo{oj), we have 

(3) ^ is convex along geodesies of Kdhler metrics. . 
Proof. By calculation in (25), 



M - Juj^{uJ4,) = Juj{i.o^) + / (0-V')(w"-a;5)/n!. 

Jx 



^-(1." - u;;)/n!. 



We can also calculate 



,(u;^)-/„^(u;^) = / 0(w"-w^)/n!- / (^-V)(w;-w^)/n! 
Jx Jx 

Jx Jx 



Jip 



So 



(7- J)„(w^)-(/- J).^(u;^)= / ^(u;"-u;;)/n!-^(wv)- 



x 



{I - JUco^) + (I - J)^^{uj) = / ^(u;" - u;5)/n!. 

Jx 

On the other hand, 



log \\s\\l{u;; - u;") - log llsHL-x^'^? " '^J) = A^(c^J - u;^) + log ||sf (u;^ 

log iisfjo;; - w") + log iisiiL-x.c^" - '^;) = -AV'(w" - '^;). 

So we see that 

=^w,£>(W0) - =^w^,£)(w^) = =^a;,r>(wv,). 
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For the second statement, it is well known that ^ is a totally geodesic submanifold of the 
space of smooth Kahler metrics in ci{X) and (/ — J)u>(w0) is convex on the space of smooth 
Kahler metrics. Assume (p{t) is a geodesic, i.e. (j) — |V(/>|f, = 0. 



X 



iu;Au;rV(^-l)!- 



d_ 
dt 



I log||s||2(c.^-w")/n! = / log||sfA<.,0wJ/n!= / {-Xu: + {D})4>ujy /{n-l)\. 



Now since F^{(j)) is afRne along geodesies of Kahler metrics. 

-^^.A^,) - -^F^A^)- ^_ 

J D J D 

Jd 

(37) = / |(V<^)^lL.^r£;V(ri-l)!>0. 



□ 



Lemma 7.2. We have the following different formulas for the Hessian of ^u,d on J^ke- 



(38) Hess^{e,e) = [ \ve-^fu}'^-i/{n-iy. 

Jd 

(39) = X [ 0^u;],E/nl+ f i-0^+e%)iX^-\og\\s\\l)coU/n\ 

Jx Jx 

(40) = x[ 9'ujlE/n\+ [ {9'-9%){log\\s\\l.,ME/n\. 

Jx Jx 

Proof. The first identity follows from (37) because 6 = ^\t=Q- For the second identity, wc 
shall give two calculations. For 0eAi,V0isa holomorphic vector field generating a one 
parameter subgroup at in Aut{X). Let cjIujke = ^^ke + sf—lddcjjt- Then (j)t satisfies the 
geodesic equation: (j) — |V(^|^^ = with initial velocity ■^(f>\t=o = 
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• (calculation 1) 



A del) A ujlrj^/{n- 2)1 



i^ddlog\\s\\l + Xi-^dd^ + UKE))A{4'tOKE-{n-l)d<j)Ad<j>)Auj'^-Ey{n~iy. 



X 



IX 

+A 



(log \\sf - \4)){^/^^^'(i) A u'^-j^ + (n - l)dd^ A dd^ A w^l?)/(n - 1)! + 



X 



(log II s 



IX 

+A 



X 



>Ie - (" - ^)d4> A deb A Lol-E')/{n - 1)! 

P - A0)(A|V(?p + [Mf - e.^e^^Lol^/nl + A 

HV^|5,J^W(^-1)! 



HUJKE/n\ + 



X 



I {log\\s\\l^,,){e' - 9^9,) + X f 9^ujlE/n 

JX JX 



(Calculation 2) 
di2 



d 

di 



(A^oj^) - (A0 + A4>+ {A4>f)u:lE 



Hess^{9,i 



= {9'-9%)iolE 



d^ 



A / 0A0<s/n!+ / (-A0 + logP||/J— ^r/^! 



X 



X 9'ujlEln\+ {\og\\s\\t^>.,){9'-ff^e,)^lEln\. 



X 



□ 



Lemma 7.3. Under the assumption that A > 1, Hess^ is non- degenerate at any point ujke G 
J(ke- 

Proof. We have seen Hess^ is non- negative at any point ujke & ^ke using formula (38). 
Hess^ is degenerate if and only if \{^ 9)^\^ uj^^ j {n — 1)! = 0. This happens if and only if 
(V0)^ = on D, i.e. when V6' is tangent to D. However, since we assume A > 1, we are in 
the log-canonically-polarized or log-Calabi-Yau case, there can not be holomorphic vector fields 
tangent to D by Corollary 4.3 (see also [51]). So the lemma follows. □ 

Lemma 7.4. When restricted to ./Mke, there exists a unique minimum uij^^ of ,!^i^_d{'^4i) ■ 

Proof. By the previous Lemma, is a convex functional on the space ^ke — C^/G. 

To prove the existence of critical point, we only need to show it's proper on G^/G. Because 
we assumed A > 1 and there exists Kahler-Einstein on X, by Theorem 4.1, 7Ma;,(i-/3)_D is 
proper for (3 e (0,1). Because the Mabuchi energy is constant on J^ke, by equality (36), 
•^ijj,{\-^)D = (1 ~ /3)=^i^,D-l-constant is proper on ^ke- D 

Write w^^; = w + ^/—Iddcf)^^ , then it satisfies the critical point equation 



(logP||2-A0g^)V(^f ^" 



^KE) 



0. 



X 
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for any T^D^JixE = ^i{^ke)/'^- I° other words, A0^^ - log||s|p G A^"-. 

Proposition 7.1. As P ^ 1, the conical K Shier- Einstein metrics uij3 converges to a unique 
smooth Kdhler-Einstein metric oj^e ^ -^ke- 



Proof. Recall that the conical Kahler-Einstein equation is 

(w + V^dd(j)T = e 



n _ >„-r(/3)<?i. ^ 



||s||2(l-/3)' 

Any Uke = w + y/—ldd(j)KE € ./^ke satisfies the equation 

(w + 4^dd^KET = e''--'t"<''uj'\ 
By Lemma 7.4, there exists a unique minimum OJ^^ of the functional ^uj,d on ^ke- We will 
choose ojke = ^ke i'^ following argument. Divide the above two equations to get 

log +/?^^^^" = <^^^ - rm - (1 - /3) log Pill 
(a; + y/-ldd(j)KEr 

Let = (pKE + V' and ip = 6 + tp' with ^ e Ai and V'' e Aj^, then 

(^^^ (.K.+v^ag(.+^or ^ ^ ^ (1 _ _ ||,||.). 

^KE 

We use Bando-Mabuchi's bifurcation method to solve the equation for /3 close to 1. First project 
to Ai to get 

(42) (1 - Po) (log i-KE + V^dd{e + i.')r \ ^ ^ _ ^^(^^^^ _ 

The equation is satisfied for V', ^) = (1, 0, 0). The linearization of the left side of this equation 
with respect to V' is 

(l-Po)(Ae+r(^))V' 

where is the Laplacian with respect to ujke + \/—\ddB. Since Ai = ii'er(Ao + 1), there 
exists a positive constant (5 > 0, such that 

(l-Po)(-A„,,-l)><5>0. 

By continuity, it's easy to see that 

(l-Po)(-Ae-r(/3)) >(5/2>0. 

for ^) close to (1,0). In other words, the inverse of (1 — Po)(Afl + r(^)) has uniformly 

bounded operator norm for (/3, 0) close to (1,0). So by implicit function theorem, there exists 
solution tl}'^^Q for /3 near 1 and Q small. Now to solve the equation (41), we only need to solve 
the following equation 

(43) ^(log '"'"-"^T"''"'"'n °-M''- 

V '^KE J 

Let a*ujKE = i^KE + \/—Tdd{9 + ip'i^g)- We have the identity 

log :^ '■ = -{0 + V'i,e) 

^KE 

Let ip'i^ g = ip[ g + {1 — /3)£,p,g. We can rewrite the equation (41) in the following form 

{UJKE + y/^dd{9 + g + (1 - /3)C/3,e))" 
log ^ = 

^KE 

= -(1 - A(l - ms + ^'i.e + (1 - mtifi) + (1 - P){Mke - log \\s\\l) 



CO 



KE 



log + (1 - mo + ^m) - (1 - mmpfi + (1 - m^t^KE - log ii^ii^). 
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where LUg = ijJKE + \/—ldd{9 + V'l g)- particular, it's easy to see that (42) is equivalent to 

(1-Po) log ■ — , ,, ^ XiIjj_ o-r{l3)^p^e + {X(PKE-^og\\s 



Let /3 — 1 to get 

(1 - Po) {{Ag + - AV-;^, = A(^KiJ - log||s||2. 

where Ag is the Laplacian with respect to the metric ujg. Since /r7i(Ao + 1) = Ker{AQ + 1)-^ = 
Aj^, so in particular, 

(44) (Ao + l)a,o = A<^Kis-log||s||^ 

Now the equation (43) is equivalent to 

Denote by r{P,6) the term on the left side. Then 

r(i, 0) = 0, r(i, e) = Po{Ag^i,e) - A0. 

Let e{t) =te e Ai, for any 61' e Ai = Ker{Ao + 1), 

/ jr{l,9) e'ujlE/n\ = -\ I ee'LolE/n\+ I {Agiifi + Aoi^,o)e'ujlE/n\ 

= -A / / -0*^^(a.o)»50'^Ji5/"!. 

Let ^ = ^1^0 G ^i"- As the calculation in [4], we have 

X JX J X 



'X(A + l)e),0'<s/"! = / {-ee' + d^B\){A-r\)^u,-KEln\ 

Jx 

- I i9e'-e^9',)iX<P-\og\\s\\l)u;lE/n\ 



X 



So 



D2Til,0){9)e' = -\ [ ee'u:lE/n\+ ( {99' -0'e[){\cp~\og\\s\\l)u:lEl^'- 
Jx Jx 

= -Hess^{9,9'). ( by equation (40)) 

By Lemma 7.3, £'2r(l,0) is invertible, so by implicit function theorem, (45) is solvable for /? 
close to 1. So we get conical Kahler-Einstein metrics up for (3 close to 1 and by continuity 0^ 
converges to (t)KE as /3 1. □ 
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Remark 7.1. yls m [4], we can continue to calculate: 

= - f {60' -e%)iX^-\og\\sfME/nl 

X JX 



^ JX 

VA(A0i-logP||2)^^^/n! 

X 



WnV^dd{Mi - log \\s\\l) A ujTi/n\ 

X 

n\ [ 66'uj'^j^/n\-^ [ 66' uj''^-j^ / {n - 



X 



so that 



D2r{l,0){6)6' ^-X{l + n/2) f 66' ujIe/hI + ]- ( 66' u:l7^ / {n ~ 

J X J D 

However, it seems not straightforward to see that D2T{\, 0) is nondegenerate using this formula. 

Remark 7.2. One reason why we packed all the conical spaces together in the space of ad- 
missible functions is because that we need to work in different function space corresponding to 
different cone angles. Strictly speaking, there are subtleties in applying implicit functional the- 
orem in this setting. However, we expect one can generalize Donaldson's argument to validate 
the application of implicit function theorem. 



8. Relations to Song-Wang's work 

In this section, we will briefly explain Song- Wang's results and derive one of its implications. 

For one thing, they also observe the interpolation property for the log-Ding-energy. Secondly, 
their prominent idea of considering pluri-anticanonical sections corresponds to the A > 1 case 
in our paper. Recall that R(X) in the introduction (see (2)) is defined to be the greatest 
lower bound of Ricci curvature of smooth Kahler metrics in ci{X). R{X) was studied in ( 
[56], [54], [33], [3G], [51]). Donaldson ([20]) made the following conjecture 

Conjecture 8.1 (Donaldson). Let Z? G | — Kx\ be a smooth divisor, then there exists a conical 
Kdhler-Einstein metric on (X, (1 — /3)-D) if and only if l3 € (0, R{X)). 

Song- Wang proved a weak version of Donaldson's conjecture by allowing pluri-anticanonical 
divisor and its dependence on /3. Translating their result in our notations, they proved 

Theorem 8.1 (Song- Wang, [51]). For any 7 £ (0, R{X)) there exists a large \ E Z and a smooth 
divisor D S \^K^ \ such that there exists a conical Kdhler-Einstein metric on {X, A^^(l — 7)!?). 

Remark 8.1. Note that in general, A and D may depend on ^ . ^ is related to the cone angle 
parameter jS by the relation A^"'^(l — 7) = 1 — /? or equivalently, 7 — r{/3) = 1 — A(l — /3). 

The proof of this theorem can be explained through the Holder's inequality 

where p^^ + q^^ — 1. To make contact with the invariant R{X), one choose p — for any 
t e (7, i?(X)). (This is related to the characterization of R{X) through the properness of 
twisted Ding-energy as in [36]) Then q = {1 — p~^)~^ — Now the integrability of the 
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second integral on the right gives the restriction on A: '''' — 1 < 1. This gives the the lower 
bound of A in Song- Wang's theorem. 

R{X) 



A>(l-7)- 



R{X)-j 

One other important result Song- Wang proved is the construction of toric conical Kahler- 
Einstein metrics can be combined with the strategy in our paper to prove a version of Donald- 
son's conjecture on toric Fano manifolds. We will explain this briefly. 

Any toric Fano manifold is determined by a reflexive lattice polytope A C M" containing 
only O as the interior lattice point. For any P G R", P determines a toric R-divisor Dp 
^Kx- More concretly, assume that the polytope is defined by the inequalities lj{x) — {x, Vj) + 
Uj > 0. Then Dp = J^j hi^)^j- If -P G A is a rational point, then for any integer A such that 
\P is an integral lattice point, there exist a genuine holomorphic section Sp of —XKx and an 
integral divisor XDp. 

Let Pc be the barycenter of A, then the ray PcS intersect the boundary 9 A at a unique 
point Q. Note that in general, Q is a rational point. In [33], the first author proved R{X) is 
given by 

(46) R<X> ^ m 

For any 7 e [0,1], define P^ = -j^Pc- Then e A if and only if 7 e [0,R{X)], which 
is also equivalent to I?p^ being effective. In particular, Pr(x) = Q- Using these notations. 
Song- Wang proved the following theorem by adapting the method in Wang-Zhu's work ([64]) 
on the existence of Kahler-Ricci solitons on toric Fano manifolds. 

Theorem 8.2 (Song- Wang, [51]). For any 7 G [0, 1], there exists toric solution to the following 
equation: 

Ric{uj)^-1uj + {l--i){Dp_}. 

When 7 e [0, R{X)\ is rational, then the solution uj^ is a conical Kahler- Einstein metric on 
(X, (1 — ^)Dp ). In particular, when 7 = R{X), there exists a conical Kdhler- Einstein metric 
on {X,{1-rIx))Dq). 

Example 8.1. The above theorem can he generalized to toric orbifold case. (See [50] for related 
work where the Kdhler-Ricci soliton on toric Fano orbifolds was considered) We will illustrate 
this by showing the conical Kdhler- Einstein on X = P(l,l,4) considered in section 6 in the 
toric language. The polytope determining [X,—Kx) is the following rational polytope A. Note 



' Q 












A 







B 



that —2Kx is Cartier because 2A is a lattice polytope. Q = (—1,1/2), Pc = (1,-1/2). So 
R{X) = \OQ\/\PcQ\ = 1/2. Dq = 3/2D, where the divisor D corresponds to the facet AB. 
The conical Kdhler- Einstein satisfies the equation: 

Ric{lo) = ^l, + {1-^)-^D. 

So the cone angle along D is 27r/3 with /3 = 1 — 3/4=1/4. 

Now we show that Song- Wang's nice existence result implies Theorem 1.2. 
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Proof of Theorem 1.2. Let Tq be the minimal face of A containing Q. For any A G Z such 
that XQ is an integral point, define a set of rational points by 

Tl{Q,X) = {Q}[j[{K\TQ)[\\z^ 

Then we define the linear system to be the linear subspace spanned by the holomorphic 
sections corresponding to rational points in TZ{Q, A): 

= Spanc {4; P e 7^(Q, A)} . 

Choose any general element D £ the coefficient of the term Sg is nonzero. Because Q is a 
vertex of the convex hull of 7?,((5, A), there exists a C* action denoted by <j{t) contained in the 
torus action, such that 

limc7(t)*L> = \Dq. 

In this way, we construct a degeneration (A", i— ^^^P, K^) with A" = X x C and 2?i = cr^ I?. 

By Song- Wang's theorem in [51], the central fibre (-Yq, ^"^^^^ {\Dq)) = {\-R{X))Dq) has 
conical Kahler-Einstein metric. So we use Theorem 1.4 to get the lower bound of M^yr ^. 

(As explained in the proof of Theorem 1.4, in the present case, since A" = X x C, we just 
need to use the trivial geodesic and apply Berndtsson's result in [10] to get the subharmonicity 
and complete the proof) On the other hand, because A > 1, we can use the interpolation 
result in Proposition 1.1 to see that M-x proper for any 7 g (0,i?(X)) (actually for 

any 7 e (1 — A,i?(X)). So there exists a conical Kaler-Einstein metric on (X, i^Z?) for any 
7 G (0, i?(X)). There can not be conical Kahler-Einstein metric for 7 S (i?(X),l) is easy to 
get because the twisted energy is bounded from below by the log-Ding-energy. For details, 
see [51] and also [36]. The non-existence for 7 = R{X^ is implied by Donaldson's openness 
theorem in [20] (see Theorem 2.1), since otherwise there exists conical Kahler-Einstein for some 
7G(i?(X),l). □ 

Remark 8.2. The smoothness of the generic member seems to be more subtle than we first 
thought. We will discuss this a little bit using standard toric geometry. For this, we first denote 
{Ili}iLi to be the set of codimensional 1 face (i.e. facet) of A. Define 

Now it's easy to see that the base locus of I£\ is equal to 

Here for any face of A we denote to be the toric subvariety determined by a. Indeed, this 
follows from the following fact: if P is any lattice point and J-p is the minimal face containing 
P. Define 

StariTp) = U 

J^pCcr 

where a ranges over all the (closed) faces of A. (including A itself). Then the zero set of the 
corresponding holomorphic section sp is the toric divisor corresponding to the set 

A \ {StariJ^p))" = y H.ddA. 

By Bertini's Theorem ([2G\), the generic element D G J^fx is smooth away from Bg. To analyze 
the situation nearMg, fix any vertex P of T . We can choose integral affine coordinates {xi}f^i 
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such that 

n 

i— m+l 

We can also write Q = A((ii, . . . , dm, 0, . . . , 0) with Ad,; being positive integers. On the other 
hand, by standard toric geometry, the normal fan of A at P determines an afjine chart Up on 
X. There exists complex coordinate {zi}f^i such that Xjr^-^ nUp = {^m+i = 0, . . . , — 0}. 
Locally, the generic member D in ^\ is given by the equation of the form: 

m n n 

Y\_0'iZi'^' + X! bjZj{l + fj{zi,...,Zrn)) + ^ C^fc Zfeg(zi , . . . , Z„)) . 
i—1 j—7n+l j,k—m+l 

where Oi, bj ^ 0. // we delete the lattice points corresponding to terms Zjfj{zi, . . . , Zm), then C 
would be smooth near Xjr^^ nUp. Since Mq C Xjr^ and Up covers Xjr^ as P ranges over all the 
vertices of Tq we conclude that D is smooth at points in Mq as well. This certainly puts a lot 
of restriction on the sub-linear system. However, even if we don't delete these lattice points, the 
generic member in ^\ could be smooth. For example, this is the case when Tq has dimension 
< 1 in which case the base locus consists of isolated points. In particular, this is true when the 
toric variety has dimension < 2. 

Remark 8.3. The degeneration behavior in the toric case is closely related to the study of 
degenerations in [34] where the current Dp^ is replaced by (1 — 7)0; with u being a smooth 
reference metric. 

Example 8.2. Let X = BlpF'^. Let [Zq,Zi,Z2] be homog eneous coordinate on P^. We can 
assume p = (1,0,0) G = {Zq 7^ 0} C P^. Let n : X V"^ be the blow down of exceptional 
divisor E. For simplicity we use H to denote both the hyperplane class on and its pull-back 
on X. Then —Kx = 3iJ — E and —2Kx = QH — 2E. So divisors in \ — 2Kx\ correspond to 
the sextic curves on P^ whose vanishing order at is at least 2. More precisely, if C is such 
a curve representing 6H , then the corresponding divisor D{C) in \ — 2Kx\ — \6H — 2E\ is the 
strict transform of C. In toric language X is determined by the following polytope: 





c 


< 

X 


1 


1 




— 




)^^« — • — •-^ 


B2 





The invariant R{X) = 6/7 was calculated in [54] and [33]. Since the point Q — (—1/2, —1/2), 
it's easy to see that Dq = l/2(_Fi + _F2) + 2Dao- By Song-Wang [51], there is a conical Kdhler- 
Einstein metric on {X, (1 - R{X))Dq) = {X, 1/1Dq). 

Now XQ is integral when A is even. The generic divisors in the linear system S£i correspond 
to the sextic curves given by degree 6 homogeneous polynomial of the form 

3 6-i 

C : Z^Z\Zi + ^ ^ ^ ^ OijZ^Z^Z^ * = 0. 

Let at be the C* -action given by 

{Zq, Zi, Z2) ^ {Zf),t ^Zi,t ^Z2). 

Then linif_i.o OfC — {ZqZiZ2 = 0}. Equivalently, by taking strict transform, we get linit_5.o Ct ■ 
D{C) = 2Dq. The same argument applies to X = 2m being even, where the divisors in ^2m 
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correspond to the degree 6m curves of the form: 

4m— 1 6m— i 

^4m^m^m + ^ ^ fl^.Z^Zf Z^^™"'-^' = 0. 

i=0 j=0 

Note that the strict transform of such generic curves are smooth at the base locus Mq = B1UB2 
and so smooth everywhere. 

Remark 8.4. From the above discussion, we see that when A is even, the divisor degenerates 

while the ambient space stays the same. The case when A = 1, or more generally when A is odd, 
is still open. From the point of view in our strategy, the problem is that the right degeneration 
to conical Kdhler-Einstein pair is still missing. In this case, we expect the degeneration also 
happens to the ambient space, similar with the degree 2 plane curve case studied in section 6. 
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